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Abstract
Stochastic bilevel optimization finds widespread applications in machine learning, includ-
ing meta-learning, hyperparameter optimization, and neural architecture search. To extend 
stochastic bilevel optimization to distributed data, several decentralized stochastic bilevel 
optimization algorithms have been developed. However, existing methods often suffer 
from slow convergence rates and high communication costs in heterogeneous settings, 
limiting their applicability to real-world tasks. To address these issues, we propose two 
novel decentralized stochastic bilevel gradient descent algorithms based on simultaneous 
and alternating update strategies. Our algorithms can achieve faster convergence rates and 
lower communication costs than existing methods. Importantly, our convergence analyses 
do not rely on strong assumptions regarding heterogeneity. More importantly, our theo-
retical analyses clearly disclose how the computation and communication regarding the 
Hessian-inverse-vector product under the heterogeneous setting affects the convergence 
rate. To the best of our knowledge, this is the first time such favorable theoretical results 
have been achieved with mild assumptions in the heterogeneous setting. Furthermore, 
we demonstrate how to establish the convergence rate for the alternating update strategy 
when combined with the variance-reduced gradient. Finally, experimental results confirm 
the efficacy of our algorithms.

Keywords  Decentralized optimization · Bilevel optimization · Communication 
complexity

1  Introduction

Bilevel optimization has been used in a wide range of machine learning models. For instance, 
the hyperparameter optimization Feurer and Hutter (2019); Franceschi et al. (2017), meta-
learning (Franceschi et al., 2018; Rajeswaran et al., 2019), and neural architecture search 
(Liu et al., 2018) can be formulated as a bilevel optimization problem. Considering its 
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importance in machine learning, bilevel optimization has been attracting significant atten-
tion in recent years. Particularly, to handle the distributed data, parallel bilevel optimiza-
tion has been actively studied in the past few years. In this paper, we are interested in an 
important class of parallel bilevel optimization: decentralized bilevel optimization, where 
all workers perform peer-to-peer communication to collaboratively optimize a bilevel opti-
mization problem. Specifically, the loss function is defined as follows:

	
min

x∈Rdx

1
K

K∑
k=1

f (k)(x, y∗(x)), s.t. y∗(x) = arg min
y∈Rdy

1
K

K∑
k=1

g(k)(x, y) � (1)

where k is the index of workers, g(k)(x, y) = E
ζ∼D(k)

g
[g(k)(x, y; ζ)] is the lower-level loss 

function of the k-th worker, f (k)(x, y) = E
ξ∼D(k)

f

[f (k)(x, y; ξ)] is the upper-level loss func-

tion of the k-th worker. Here, D(k)
g  and D(k)

f  denote the data distributions of the k-th worker. 
Throughout this paper, it is assumed that different workers have different data distributions.

In the past few years, a series of decentralized optimization algorithms have been pro-
posed to solve Eq.  (1). For instance, Gao et al. (2023) developed two decentralized sto-
chastic bilevel gradient descent algorithms based on the momentum and variance reduction 
techniques: MDBO and VRDBO. Specifically, Gao et al. (2023) demonstrates that the 
variance-reduction based algorithm VRDBO is able to achieve the O

( 1
Kϵ3/2 log 1

ϵ

)
 con-

vergence rate. More specifically, it is a double-loop algorithm, where there exists an inner 
loop to compute the Hessian inverse matrix for estimating stochastic hypergradient and the 
length of the inner loop is in the order of O

(
log 1

ϵ

)
. Gao et al. (2023) shows that the inner 

loop does not require communication under the homogeneous setting. As such, its commu-
nication complexity1 is in the order of O

( 1
Kϵ3/2

)
.

However, it is more challenging to solve Eq. (1) under the heterogeneous setting. Specifi-
cally, unlike the homogeneous setting where the local Jacobian and Hessian matrices are the 
same as the global ones, each worker under the heterogeneous setting has to pay extra efforts 
to estimate the global Jacobian and Hessian matrices to compute the hypergradient, which 
causes the following unique challenges for algorithmic design and theoretical analysis.

1.1  Heterogeneity Causes Challenges for Communication

Under the heterogeneous setting, each worker has to estimate the global Jacobian and Hes-
sian matrices. This can incur a large communication cost, e.g., a large number of commu-
nication rounds and a high communication cost per round. For instance, existing methods 
(Chen et al., 2022a, b; Yang et al., 2022) suffer from a large number of communication 
rounds. Specifically, Chen et al. (2022a) developed a decentralized stochastic bilevel gradi-
ent descent algorithm: DSBO. It is a double-loop algorithm as VRDBO. However, DSBO 
requires communication in the inner loop. As such, the number of communication rounds 
is as large as its iteration complexity (i.e., convergence rate) O

( 1
ϵ2 log 1

ϵ

)
. Yang et al. 

(2022) proposed a decentralized stochastic bilevel gradient descent with momentum algo-
rithm: Gossip-DSBO, which is also a double-loop algorithm and requires communication 

1 In the introduction, we ignore the spectral gap and the communication cost in each communication round to 
make it clear. The detailed communication complexity can be found in Table 1.
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in the inner loop. The number of communication rounds and the iteration complexity can 
be slightly improved to O

( 1
Kϵ2 log 1

ϵ

)
. Chen et al. (2022b) proposed MA-DSBO, which 

is also a double-loop algorithm and shares the same number of communication rounds 
O

( 1
ϵ2 log 1

ϵ

)
 with DSBO. Moreover, most existing methods suffer from a high communica-

tion cost per communication round. Specifically, Gossip-DSBO and DSBO require to com-
municate the Hessian matrix or Jacobian matrix, which incurs a high communication cost 
O(d2

y) or O(dxdy) in each round. As a result, the total communication complexity under the 
heterogeneous setting is much larger than the homogeneous setting.

It can be observed that all the aforementioned existing algorithms under the heteroge-
neous setting suffer from higher communication complexity compared to VRDBO under the 
homogeneous setting. This observation naturally leads to the first question: Can we have a 
decentralized stochastic bilevel optimization algorithm under the heterogeneous setting to 
enjoy both a smaller number of communication rounds and a low communication cost per 
communication round? Therefore, the first goal of this paper is to develop a communication-
efficient decentralized stochastic bilevel optimization algorithm to tackle this challenge in 
algorithmic design.

1.2  Heterogeneity Causes Challenges for Convergence Analysis

When establishing the theoretical convergence rate, the aforementioned existing methods 
(Chen et al., 2022a; Yang et al., 2022; Chen et al., 2022b) require strong assumptions to 
bound the heterogeneity. Specifically, DSBO (Chen et al., 2022a) requires a Lipschitz con-
tinuous upper-level loss function regarding x, i.e., ∥∇1f (k)(x, y)∥ ≤ cfx , where cfx > 0 
is a constant. Gossip-DSBO (Yang et al., 2022) also requires this assumption. Meanwhile, 
it requires that the lower-level loss function is Lipschitz continuous with respect to y, i.e., 
∥∇2g(k)(x, y)∥ ≤ cgy , where cgy > 0 is a constant. With these strong assumptions, it is 
easy to bound the heterogeneity when establishing the convergence rate. However, it is 
worth noting that some of these strong assumptions might not hold. MA-DSBO (Chen et 
al., 2022b) does not require these strong assumptions at the cost of introducing the bounded 
heterogeneity assumption, i.e., ∥∇2g(k)(x, y) − ∇2g(x, y)∥ ≤ δ, where δ > 0 is a constant. 
However, this assumption is also too strong to hold in practice (See Remark 3.6).

Moreover, communication under the heterogeneity setting introduces new challenges 
for convergence analysis. As discussed previously, additional communication is required to 
estimate the hypergradient compared to the homogeneous setting. Then, it is important to 
disclose how this additional communication operation affects the convergence rate. How-
ever, existing methods, including DSBO and MA-DSBO, fail to address this aspect, while 
the convergence rate of Gossip-DSBO is problematic due to contradictory assumptions (See 
Remark 3.5).

Then, the second natural question arises: Can we establish the convergence rate of a 
communication-efficient decentralized stochastic bilevel optimization algorithm without 
strong assumptions and disclose how the additional communication operation affects the 
convergence rate under the heterogeneous setting? Hence, our second goal is to establish the 
convergence rate under mild assumptions to address these theoretical analysis challenges.
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1.3  Heterogeneity Causes Challenges for the Variable Update Strategy

Since there are two variables in stochastic bilevel optimization, there exist two strategies 
for updating variables: simultaneous update and alternating update. The former one updates 
x and y simultaneously, while the latter one updates x and y sequentially. The heterogene-
ity introduces more challenges for the alternating strategy. Specifically, assuming that the 
variables on different workers are the same in the t-th iteration, when updating xt and yt 
with the alternating strategy, yt is updated to yt+1 first, and then xt is updated with the 
gradient computed on yt+1, rather than yt as the simultaneous strategy. As a result, this 
gradient computed on yt+1 can be more heterogeneous than that computed on yt in the 
simultaneous strategy, causing new challenges for convergence analysis. Although DSBO 
(Chen et al., 2022a) and MA-DSBO (Chen et al., 2022b) established the convergence rate 
for the alternating strategy, they restrict their focus on the unbiased stochastic gradient. As 
a result, it is unclear whether the alternating algorithm will converge when employing a 
biased variance-reduced gradient estimator (Cutkosky & Orabona, 2019). In particular, it 
can make the gradient across workers more heterogeneous due to the additional bias caused 
by this kind of gradient estimator. Specifically, the gradient estimation error regarding one 
variable can be affected by all the others, which is discussed in Section 5.2. All these issues 
make the convergence analysis more challenging for the alternating update strategy.

Then, the third natural question arises: Can we establish the convergence rate of a com-
munication-efficient decentralized bilevel optimization algorithm under mild conditions 
when employing the alternating update strategy and the variance-reduced gradient estima-
tor? Therefore, our third goal is to establish the convergence rate for the alternating update 
strategy to tackle these theoretical challenges.

In summary, to address the aforementioned challenges, this paper makes the following 
contributions.

	● We have developed a novel decentralized stochastic bilevel gradient descent algorithm 
with a faster convergence rate based on the simultaneous update strategy and variance-
reduced gradient estimators: DSVRBGD-S, which can reduce both the number of com-
munication rounds and the cost in each communication round. In particular, the commu-
nication cost per round is only O(dx + dy), and the number of communication rounds 
can be as small as O( 1

Kϵ3/2 ), which can match the complexity of VRDBO under the 
homogeneous setting when ignoring other factors. To the best of our knowledge, this is 
the first method to achieve such a small communication complexity for decentralized 
stochastic bilevel optimization.

	● We have established the theoretical convergence rate of our algorithm without rely-
ing on any strong heterogeneity assumptions. Furthermore, we have disclosed how the 
computation and communication regarding the Hessian-inverse-vector product affects 
the dependence of the convergence rate on the spectral gap of the communication topol-
ogy. To the best of our knowledge, this is the first time such favorable theoretical results 
have been achieved. The detailed comparison between our algorithm and existing ones 
can be found in Table 1.

	● We have developed a novel decentralized stochastic bilevel gradient descent algorithm, 
DSVRBGD-A, based on the alternating update strategy and variance-reduced gradient 
estimators. Similar to our first algorithm, this algorithm also enjoys a small commu-
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nication complexity. Moreover, we have established its theoretical convergence rate. 
Remarkably, this marks the first time the convergence rate of the alternating variance-
reduced gradient descent method for stochastic bilevel optimization has been estab-
lished. Notably, even in the single-machine setting, such theoretical results do not exist. 
Therefore, our theoretical analysis strategy can also be extended to the single-machine 
setting, bridging an existing gap in the literature.

Finally, we conducted extensive experiments, and the experimental results confirm the effi-
cacy of our proposed algorithms.

2  Related Works

2.1  Stochastic Bilevel Optimization

The main challenge in bilevel optimization lies in the computation of the hypergradient since 
it involves the Hessian inverse matrix. To address this issue, a commonly used approach is 
to leverage the Neumann series expansion technique to approximately compute Hessian 

Table 1  The comparison of the communication complexity between different algorithms under the homoge-
neous (IID) and heterogeneous (Non-IID) settings 
Algorithms R/IT  Cost/R IT Communication Hetero-

geneity
MDBO
(Gao et al., 
2023)

O(1) O(dx + dy)
O

(
1

ϵ2(1−λ)2

)
O

(
dx+dy

ϵ2(1−λ)2

) i.i.d

VRDBO
(Gao et al., 
2023)

O(1) O(dx + dy)
O

(
1

Kϵ3/2(1−λ)2

)
O

(
dx+dy

Kϵ3/2(1−λ)2

) i.i.d

DSBO
(Chen et al., 
2022a)

O
(

log 1
ϵ

)
O (dxdy)

O

(
1

ϵ2(1−λ)?

)
# a O

(
dxdy

ϵ2(1−λ)? log 1
ϵ

) #c

Gossip-DSBO
(Yang et al., 
2022)

O
(

log 1
ϵ

)
O(dxdy + d2

y) O
(

1
Kϵ2

)
#b O

(
dxdy+d2

y

Kϵ2 log 1
ϵ

) #d

 MA-DSBO
(Chen et al., 
2022b)

O
(

log 1
ϵ

)
O(dx + dy)

O

(
1

ϵ2(1−λ)?

)
#a O

(
dx+dy

ϵ2(1−λ)? log 1
ϵ

) #e

DSVRBGD-S
(Ours)

O (1) O(dx + dy)
O

(
1

Kϵ3/2(1−λ)4

)
O

(
dx+dy

Kϵ3/2(1−λ)4

) -

DSVRBGD-A
(Ours)

O (1) O(dx + dy)
O

(
1

Kϵ3/2(1−λ)4

)
O

(
dx+dy

Kϵ3/2(1−λ)4

) -

R/IT denotes the number of communication rounds in each iteration. Cost/R means the communication 
cost in each round. IT represents the iteration complexity. Communication denotes the communication 
complexity. #a: DSBO and MA-DSBO fail to provide the dependence on the spectral gap. #b: Gossip-
DSBO assumes all gradients are upper bounded so that it eliminates the dependence on the spectral gap. #c: 
∥∇1f (k)∥ ≤ cfx . #d: ∥∇2g(k)∥ ≤ cgy . #e: ∥∇2g(k) − ∇2g∥ ≤ δ. The limitations of the heterogeneity 
assumption of DSBO, Gossip-DSBO, and MA-DSBO are discussed in Remark 3.5 and Remark 3.6
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inverse. Based on the first approach, Ghadimi and Wang (2018) developed the bilevel sto-
chastic approximation algorithm, where the lower-level problem is solved by stochastic 
gradient descent, and the upper-level problem is solved by stochastic hypergradient. As 
for the nonconvex-strongly-convex bilevel optimization problem, this algorithm achieves 
O( 1

ϵ2 ) sample complexity (i.e., the gradient evaluation) for the upper-level problem and 
O( 1

ϵ3 ) sample complexity for the lower-level problem. Later, Hong et al. (2020) developed 
a two-timescale stochastic approximation algorithm where different time scales are used 
for the upper-level and lower-level step sizes, whose sample complexities is O( 1

ϵ5/2 ). Ji et 
al. (2021) proposed to employ the mini-batch stochastic gradient to improve both sample 
complexities to O( 1

ϵ2 ). Chen et al. (2021) proposed an alternating stochastic bilevel gradient 
descent algorithm, which can also improve both sample complexities to O( 1

ϵ2 ). Yang et al. 
(2021); Khanduri et al. (2021) leveraged the variance-reduced gradient estimators STORM 
(Cutkosky & Orabona, 2019) or SPIDER (Fang et al., 2018) to further improve the sample 
complexity to O( 1

ϵ3/2 ). However, the Neumann series expansion based algorithm requires 
an inner loop to estimate Hessian inverse. As such, this class of algorithms suffers from a 
large Hessian-vector-product complexity.

Another commonly used approach for estimating Hessian inverse is to directly estimate 
the Hessian-inverse-vector product in the hypergradient. Specifically, it views the Hessian-
inverse-vector product as the solution of a quadratic optimization problem and then employs 
the gradient descent algorithm to estimate it. For instance, under the finite-sum setting 
where the number of samples is finite, Dagréou et al. (2022) leveraged the variance-reduced 
gradient estimator SAGA (Defazio et al., 2014) to update the estimation of Hessian-inverse-
vector product and two variables, providing the O( (n+m)2/3

ϵ ) sample complexity where n 
and m are the number of samples in the upper-level and lower-level problems. Addition-
ally, Dagréou et al. (2023) employs a SPIDER-like (Fang et al., 2018) gradient estimator 
to improve the sample complexity to O( (n+m)1/2

ϵ ). Compared with the Neumann series 
expansion-based algorithm, this class of bilevel optimization algorithms does not need to 
use an inner loop to estimate Hessian inverse. Thus, they are more efficient in each iteration.

2.2  Decentralized Stochastic Bilevel Optimization

The decentralized bilevel optimization has been actively studied in the past few years. A 
series of algorithms have been proposed. For instance, under the homogeneous setting, Gao 
et al. (2023) developed a decentralized bilevel stochastic gradient descent with momentum 
algorithm, which can achieve O( 1

ϵ2 ) communication complexity and can be improved to 
O( 1

Kϵ2 ) when all gradients are upper bounded. Additionally, Gao et al. (2023) proposed a 
bilevel stochastic gradient descent algorithm based on the STORM (Cutkosky & Orabona, 
2019) gradient estimator, which can achieve O( 1

Kϵ3/2 ) communication complexity, even 
though not all gradients are upper bounded. Chen et al. (2022a) developed the decentral-
ized bilevel full gradient descent and decentralized bilevel stochastic gradient descent algo-
rithms under both homogeneous and heterogeneous settings. Yang et al. (2022) introduced 
the decentralized bilevel stochastic gradient descent with momentum algorithm under the 
heterogeneous setting, whose communication complexity can achieve linear speedup with 
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respect to the number of workers. All the aforementioned algorithms under the heteroge-
neous setting employ the Neumann series expansion approach to estimate Hessian inverse. 
As such, they suffer from a large communication complexity caused by the Neumann series 
expansion. Recently, Chen et al. (2022b) estimate the Hessian-inverse-vector product under 
the decentralized setting. However, it uses the standard stochastic gradient so that it needs 
to use an inner loop to estimate Hessian-inverse-vector product to reduce the estimation 
error. Thus, it still suffers from a large communication complexity and fails to achieve linear 
speedup.

Other than the decentralized bilevel optimization problem defined in Eq. (1), there exists 
another class of decentralized bilevel optimization problems, where y∗(x) only depends on 
each local lower-level optimization problem rather than the global one. Without the global 
dependence, the hypergradient is much easier to estimate than that in Eq. (1). To address 
this class of decentralized bilevel optimization problems, Lu et al. (2022) developed a sto-
chastic gradient-based algorithm, and Liu et al. (2022) leveraged the SPIDER (Fang et al., 
2018) gradient estimator to update variables. Moreover, these also exist distributed bilevel 
optimization algorithms (Gao, 2022; Tarzanagh et al., 2022; Huang, 2022; Li et al., 2022) 
under the centralized setting, which are orthogonal to the decentralized setting. Recently, 
there appears a concurrent work (Dong et al., 2023), which focuses on the full gradient 
rather than the stochastic gradient.

3  Preliminaries

Assumption 3.1  For ∀k, g(k)(x, y) is µ-strongly convex with respect to y for fixed x ∈ Rdx  
where µ > 0 is a constant.

Assumption 3.2  For ∀k, ∀(x, y) ∈ Rdx × Rdy , ∇1f (k)(x, y; ξ) is ℓfx -Lipschitz continuous 
where ℓfx

> 0 is a constant, ∇2f (k)(x, y; ξ) is ℓfy -Lipschitz continuous where ℓfy
> 0 is a 

constant, ∥∇2f (k)(x, y; ξ)∥ ≤ cfy  where cfy > 0 is a constant.

Assumption 3.3  For ∀k, ∀(x, y) ∈ Rdx × Rdy , ∇2g(k)(x, y; ζ) is ℓgy -Lipschitz continuous 
where ℓgy

> 0 is a constant, ∇2
12g(k)(x, y; ζ) is ℓgxy -Lipschitz continuous where ℓgxy

> 0 
is a constant, ∇2

22g(k)(x, y; ζ) is ℓgyy -Lipschitz continuous where ℓgyy
> 0 is a constant, 

∥∇2
12g(k)(x, y; ζ)∥ ≤ cgxy  where cgxy > 0 is a constant, and µI ⪯ ∇2

22 g(k)(x, y; ζ) ⪯ ℓgy I.

Assumption 3.4  All stochastic gradients have bounded variance σ2 where σ > 0 is a 
constant.

Remark 3.5  Our assumptions regarding the gradient are milder than existing heterogeneous 
decentralized bilevel optimization algorithms (Chen et al., 2022a; Yang et al., 2022). In par-
ticular, they have additional assumptions: ∥∇1f (k)(x, y)∥ ≤ cfx  and ∥∇2g(k)(x, y)∥ ≤ cgy . 
The latter on does not hold for a strongly convex function as discussed in C.1 of Chen et 
al. (2022b).

1 3
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Remark 3.6  Chen et al. (2022b) introduces the explicit heterogeneity assumption: 
∥∇2g(k)(x, y) − ∇2g(x, y)∥ ≤ δ where δ > 0 is a constant. In fact, a quadratic function 
g(k)(x, y) = 1

2 yT Aky does not satisfy this assumption when Ak ̸= Ak′  for k ̸= k′ because 
∥(Ak − 1

K

∑K
k′=1 Ak′ )y∥2 is unbounded for y ∈ Rdy .

Assumption 3.7  The adjacency matrix E of the communication graph is symmetric and 
doubly stochastic, whose eigenvalues satisfy |λn| ≤ · · · ≤ |λ2| < |λ1| = 1.

In this paper, we denote λ ≜ |λ2| so that the spectral gap of the communication graph can 
be represented as 1 − λ. Additionally, Assumptions 3.2 and 3.3 also hold for the full gradi-
ent. Throughout this paper, we use a(k)

t  to denote the variable a on the k-th worker in the 
t-th iteration and use āt = 1

K

∑K
k=1 a

(k)
t  to denote the averaged variables. Moreover, for 

a function f(·, ·), we use ∇if(·, ·) to denote the gradient with respect to the i-th argument 
where i ∈ {1, 2}.

4  Decentralized Stochastic Bilevel Gradient Descent

4.1  Estimation of Stochastic Hypergradient

In this paper, we denote F (k)(x) ≜ f (k)(x, y∗(x)), F (x) ≜ 1
K

∑K
k=1 F (k)(x), and 

f(x, y∗(x)) ≜ 1
K

∑K
k=1 f (k)(x, y∗(x)). Then, the global hypergradient is defined as 

follows:

	

∇F (x) = ∇1f(x, y∗(x))

−

[
1
K

K∑
k=1

∇2
12g(k)(x, y∗(x))

] [
1
K

K∑
k=1

∇2
22g(k)(x, y∗(x))

]−1

∇2f(x, y∗(x)).

Here, following (Li et al., 2022), the Hessian-inverse-vector product [
1
K

∑K
k=1 ∇2

22 g(k)(x, y∗(x))
]−1

∇2f(x, y∗(x)) can be viewed as the optimal solution of 

the following constrained strongly-convex quadratic optimization problem:

	
min

z∈Rdy
h(x, z) ≜ 1

K

K∑
k=1

h(k)(x, z) s.t. ∥z∥ ≤
cfy

µ
� (2)

where h(k)(x, z) = 1
2 zT ∇2

22 g(k)(x, y∗(x))z − zT ∇2f (k)(x, y∗(x)) and 

z∗(x) =
[

1
K

∑K
k=1 ∇2

22 g(k)(x, y∗(x))
]−1

1
K

∑K
k=1 ∇2f (k)(x, y∗(x)). It is easy to know 

that ∥z∗(x)∥ ≤ cfy

µ  based on the aforementioned assumptions. Therefore, we have the 
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constraint ∥z∥ ≤ cfy

µ  in Eq.  (2). Otherwise, the solution of Eq.  (2) may not be a good 
approximation for z∗(x). Moreover, a favorable property of Eq.  (2) is that the gradient 
∇zh(x, z∗(x)) = 0 even though there exists a constraint.

In terms of z∗(x), the global hypergradient can be represented as 

∇F (x) = ∇1f(x, y∗(x)) −
[

1
K

∑K
k=1 ∇2

12 g(k)(x, y∗(x))
]

z∗(x). With this reformula-

tion, we can use the approximated solution of Eq. (2) to approximate the Hessian-inverse-
vector product without computing Hessian inverse explicitly.

On the other hand, the hypergradient of the k-th worker is defined as follows:

	 ∇F (k)(x) = ∇1f (k)(x, y∗(x)) − ∇2
12g(x, y∗(x))

[
∇2

22g(x, y∗(x))
]−1 ∇2f (k)(x, y∗(x)). � (3)

Obviously, it depends on the global Jacobian matrix ∇2
12 g(x, y∗(x)) and Hessian matrix 

∇2
22 g(x, y∗(x)), which are expensive to obtain in each iteration. Moreover, y∗(x) and 

z∗(x) are also expensive to obtain in each iteration of the stochastic gradient based algo-
rithm. Therefore, we proposed the following biased gradient estimators to approximate 
∇F (k)(x) and ∇2h(k)(x, z) on the k-th worker for updating y and z:

	

Ĝ(k)
F (x, y, z) ≜ ∇1f (k)(x, y) − ∇2

12g(k)(x, y)z(k),

Ĝ(k)
h (x, y, z) ≜ ∇2

22g(k)(x, y)z(k) − ∇2f (k)(x, y)
� (4)

where z(k) is the approximated solution of the optimization problem: min
z:∥z∥≤

cfy
µ

h(k)(x, z), 

and y is an approximation of y∗(x). In other words, we can leverage Ĝ(k)
h (x, y, z) to update 

z(k), which will be used to construct the approximated hypergradient Ĝ(k)
F (x, y, z). Corre-

spondingly, we can define the stochastic gradient as follows:

	

Ĝ(k)
F (x, y, z; ξ̂) ≜ ∇1f (k)(x, y; ξ) − ∇2

12g(k)(x, y; ζ)z(k)

Ĝ(k)
h (x, y, z; ξ̂) ≜ ∇2

22g(k)(x, y; ζ)z(k) − ∇2f (k)(x, y; ξ)
� (5)

where ξ̂ ≜ {ξ, ζ}.
To present our algorithms, we introduce the following terminologies:

	

Xt = [x(1)
t , x

(2)
t , · · · , x

(K)
t ] Yt = [y(1)

t , y
(2)
t , · · · , y

(K)
t ] Zt = [z(1)

t , z
(2)
t , · · · , z

(K)
t ]

δĜF
t (Xt, Yt, Zt; ξ̂t) ≜ [Ĝ(1)

F (x(1)
t , y

(1)
t , z

(1)
t ; ξ̂

(1)
t ), · · · , Ĝ(K)

F (x(K)
t , y

(K)
t , z

(K)
t ; ξ̂

(K)
t )]

δĜh
t (Xt, Yt, Zt; ξ̂t) ≜ [Ĝ(1)

h (x(1)
t , y

(1)
t , z

(1)
t ; ξ̂

(1)
t ), · · · , Ĝ(K)

h (x(K)
t , y

(K)
t , z

(K)
t ; ξ̂

(K)
t )]

δg
t (Xt, Yt; ζt) ≜ [∇yg(1)(x(1)

t , y
(1)
t ; ζ

(1)
t ), · · · , ∇yg(K)(x(K)

t , y
(K)
t ; ζ

(K)
t )].

� (6)

Then, we use δĜF
t (Xt, Yt, Zt), δĜh

t (Xt, Yt, Zt), and δg
t (Xt, Yt) to denote the corresponding 

full gradient. Moreover, we use Āt = [āt, · · · , āt] to denote the matrix which is composed 
of K mean variables āt, where a can be any variable in this paper.
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Algorithm 1  Decentralized Stochastic Variance-Reduced Bilevel Gradient Descent Algorithm with Simulta-
neous (corresponds to Option-I) and Alternating (corresponds to Option-II) update. 

4.2  Decentralized Stochastic Variance-Reduced Bilevel Gradient Descent Algorithm

In Algorithm 1, we present two novel decentralized stochastic variance-reduced bilevel gra-
dient descent algorithms based on the simultaneous update (DSVRBGD-S) and alternating 
update (DSVRBGD-A) strategies, respectively. Generally speaking, for the computation 
on each worker, we use the variance-reduced gradient estimator Cutkosky and Orabona 
(2019), which is a biased gradient estimator, to solve the lower-level optimization problem 
and the upper-level optimization problem in Eq. (1), as well as the additional constrained 
quadratic optimization problem in Eq. (2). For the communication across workers, we lever-
age the gradient tracking communication strategy to communicate three variables and the 
corresponding gradient estimators between neighboring workers.

DSVRBGD-S Algorithm. DSVRBGD-S employs the simultaneous update strategy. 
Specifically, as shown in Option-I of each step in Algorithm 1, DSVRBGD-S constructs 
the variance-reduced gradient estimator with the stochastic gradient2: δg

t (Xt, Yt; ζt), 

δĜh
t (Xt, Yt, Zt; ξ̂t), and δĜF

t (Xt, Yt, Zt; ξ̂t), which are computed on the variable in the t-th 
iteration: {Xt, Yt, Zt}. These three stochastic gradients can be computed simultaneously, 
and the update of three variables can also be completed simultaneously.

2 Throughout this paper, we ignore the discussion of the stochastic gradient computed on the variable in the 
(t − 1)-th iteration for simplicity.
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DSVRBGD-A Algorithm. DSVRBGD-A leverages the alternating update strategy, 
which is to update three variables sequentially. Specifically, as shown in Step 2 of Algo-
rithm 1, DSVRBGD-A first computes the variance-reduced gradient estimator Vt based on 
the variable {Xt, Yt, Zt}, with which the variable Yt is updated to Yt+1. After that, as shown 
in Option-II of Step 3 in Algorithm 1, DSVRBGD-A computes the variance-reduced gradi-
ent estimator Wt based on the variable {Xt, Yt+1, Zt} as:

	 Wt = (1 − α3η2)(Wt−1 − δĜh
t (Xt−1, Yt, Zt−1; ξ̂t)) + δĜh

t (Xt, Yt+1, Zt; ξ̂t) � (7)

where α3 > 0, η > 0 and α3η2 < 1. It can be observed the new update Yt+1 is used 
for computing δĜh

t (Xt, Yt+1, Zt; ξ̂t), rather than using the prior update Yt to compute 
δĜh

t (Xt, Yt, Zt; ξ̂t) as Option-I of DSVRBGD-S. Then, DSVRBGD-A employs the follow-
ing gradient-tracking approach to update and communicate Zt:

	 Rt = Rt−1E + Wt − Wt−1, Zt+ 1
2

= P(ZtE − β3Rt) Zt+1 = Zt + η(Zt+ 1
2

− Zt) � (8)

where β3 > 0, Rt can be viewed as the estimation of the global W̄t, Rt−1E and ZtE denote 
the peer-to-peer communication to communicate R and Z in terms of the adjacency matrix E. 
Since Eq. (2) is a constrained optimization problem, we apply the projection operator P(·) 
to the intermediate variable Zt+ 1

2
 such that the intermediate variable on all workers always 

satisfies that constraint. It is worth noting that Zt+1 also satisfies that constraint because 
it is a convex combination between Zt and Zt+ 1

2
. After obtaining Zt+1, DSVRBGD-A 

constructs the stochastic hypergradient δĜF
t (Xt, Yt+1, Zt+1; ξ̂t) based on {Xt, Yt+1, Zt+1} 

in Option-II of Step 4 in Algorithm  1. Then, the variance-reduced gradient estimator is 
computed for local update and the gradient tracking communication strategy is used for 
communication to obtain the new update Xt+1.

Both the computation overhead and communication cost for estimating the Hessian-
inverse-vector product in our two algorithms are small. In particular, estimating this product 
on each worker only requires a gradient descent update, whose cost is in the order of O(dy) 
in each iteration. As for the communication, our algorithms only need to communicate the 
auxiliary optimization variable and its gradient estimator, with a cost of O(dy) in each itera-
tion. Therefore, the computation and communication costs are small compared to those of 
the double-loop baselines shown in Table 1.

Key Features. Our two algorithms have the following favorable features.

	● The communication cost of our two algorithms in each communication round is just 
O(dx + dy) because only x ∈ Rdx , y ∈ Rdx , z ∈ Rdy , and their gradient estimators are 
communicated. It is smaller than O(d2

y + dxdy) of Gossip-DSBO (Yang et al., 2022) 
and O(dxdy) of DSBO (Chen et al., 2022a).

	● There is only one loop in our two algorithms. On the contrary, the existing methods, in-
cluding DSBO (Chen et al., 2022a), Gossip-DSBO (Yang et al., 2022), and MA-DSBO 
(Yang et al., 2022), are double-loop algorithms. As a result, the number of communica-
tion rounds of our two algorithms in each iteration is just O(1), which is smaller than 
O(log 1

ϵ ) of those three existing methods.
	● We have developed algorithms based on both the simultaneous and alternating update 

strategies. Notably, this is the first time applying the alternating update strategy to the 
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variance-reduced gradient for bilevel optimization.

 In summary, our two algorithms are communication-efficient due to the low communica-
tion cost in each round and the smaller number of communication rounds.

5  Convergence Analysis

In this section, we present the theoretical convergence rate of our algorithms and discuss the 
unique challenges and novelties in the convergence analysis. The proof sketch can be found 
in AppendixB, and the detailed proof can be found in Appendix C and Appendix D.

5.1  Convergence Rate

Theorem 5.1  Under Assumptions 3.1-3.7, by letting η, β1 , β2 , and β3  satisfy Eq. (C98), and 
setting α1 = O( 1

K ), α2 = O( 1
K ), and α3 = O( 1

K ), for a sufficiently large T ≥ K2

(1−λ)4 , 
DSVRBGD-S has the following convergence rate:

	

1
T

T −1∑
t=0

E[∥∇F (x̄t)∥2] ≤ O

(
1

ηT

)
+ O

(
1

ηTB0

)
+ O

(
1

β1ηT

)
+ O

(
1

β2ηT

)
+ O

(
1

β3ηT

)

+ O

(
1

α1η2TKB0

)
+ O

(
1

α2η2TKB0

)
+ O

(
1

α3η2TKB0

)
+ O

(
α1η2

K

)
+ O

(
α2η2

K

)

+ O

(
α3η2

K

)
+ O

(
α2

1η3)
+ O

(
α2

2η3)
+ O

(
α2

3η3)
,

� (9)

where B0  is the batch size in the first iteration.
Corollary 5.2  Under Assumptions  3.1-3.7, by setting 
α1 = O(1/K ), α2 = O(1/K ), α3 = O(1/K ), β1 = O((1 − λ)4 ), β2 = O((1 − λ)2 ), 
β3 = O((1 − λ)4 ), η = O(Kϵ1/2 ), the batch size in the first iteration as B0 = O(1/ϵ1/2 ), 

the batch size in other iterations as O(1), and T = O
(

1
K(1−λ)4 ϵ3/2

)
, DSVRBGD-S can 

achieve the ϵ-accuracy solution: 1
T

∑T−1
t=0 E[∥∇F(x̄t)∥2 ] ≤ ϵ.

Remark 5.3  1) Our convergence rate does not depend on any assumptions regarding the het-
erogeneity. On the contrary, existing methods (Chen et al., 2022a; Yang et al., 2022; Chen 
et al., 2022b) require strong assumptions, which are shown in Table 1. 2) Our algorithm is 
more communication-efficient than them (Chen et al., 2022a; Yang et al., 2022; Chen et al., 
2022b) because DSVRBGD-S has a smaller number of communication rounds and the low 
cost in each round. 3) DSVRBGD-S has a worse dependence on the spectral gap than the 
homogeneous method VRDBO (Gao et al., 2023), i.e., 1/(1 − λ)4 versus 1/(1 − λ)2. This 
is caused by the projection operation for the estimator of the Hessian-inverse-vector product 
as discussed in Section 5.2.
Theorem 5.4  Under Assumptions 3.1-3.7, by letting η, β1 , β2 , and β3  satisfy Eq. (D205), and 
setting α1 = O( 1

K ), α2 = O( 1
K ), and α3 = O( 1

K ), for a sufficiently large T ≥ K2

(1−λ)4 , 
DSVRBGD-S has the following convergence rate:
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1
T

T −1∑
t=0

E[∥∇F (x̄t)∥2] ≤ O

(
1

ηT

)
+ O

(
1

ηTB0

)
+ O

(
1

β1ηT

)
+ O

(
1

β2ηT

)
+ O

(
1

β3ηT

)

+ O
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1

α1η2TKB0

)
+ O

(
1

α2η2TKB0
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+ O
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K
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α2η2

K
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α3η2
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+ O
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α2
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+ O
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1η3)
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(
α2

2η3)
+ O

(
α2
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+ O

(
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T
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+ O
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+ O
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2β2
3

T

)
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)
+ O

(
β2
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)
+ O

(
η2β2

2β2
3
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)
+ O

(
ηβ2
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TB0

)
+ O

(
η3β2

2β2
3

TB0

)
+ O
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+ O

(
1

α3η2TKB0

)
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η2β2

2β2
3

α1TB0

)

� (10)

where B0  is the batch size in the first iteration.
Corollary 5.5  Under Assumptions  3.1-3.7, by setting 
α1 = O(1/K ), α2 = O(1/K ), α3 = O(1/K ), β1 = O((1 − λ)4 ), β2 = O((1 − λ)2 ), 
β3 = O((1 − λ)4 ), η = O(Kϵ1/2 ), the batch size in the first iteration as B0 = O(1/ϵ1/2 ), 

the batch size in other iterations as O(1), and T = O
(

1
K(1−λ)4 ϵ3/2

)
, DSVRBGD-A can 

achieve the ϵ-accuracy solution: 1
T

∑T−1
t=0 E[∥∇F(x̄t)∥2 ] ≤ ϵ.

Remark 5.6  According to Corollary 5.2 and Corollary 5.5, the convergence rate of DSVR-
BGD-A is in the same order as that of DSVRBGD-S. From Theorem 5.1 and Theorem 5.4, 
it can be observed that DSVRBGD-A has some additional terms. These additional terms are 
only related to the higher order of ϵ, which can be found in Eq. (D222).

Remark 5.7  The communication complexity of our two algorithms can improved from two 
perspectives. On the one hand, we can improve the dependence on ϵ by using the SPIDER 
gradient estimator Fang et al. (2018). In particular, by using SPIDER, we can use a large 
batch size in iteration, which leads to a smaller number of iterations. As a result, the com-
munication complexity can be reduced. In fact, in the single-machine setting, Corollary 2 
in Yang et al. (2021) has demonstrated the iteration complexity is O(ϵ−1) when using the 
SPIDER gradient estimator. On the other hand, we can improve the dependence on the spec-
tral gap 1 − λ by using other communication strategies. For example, we can use the multi-
round communication, i.e., performing multiple rounds of communication in each iteration, 
as in Xin et al. (2021) to improve the dependence on the spectral gap.

5.2  Key Challenges and Novelties

The projection operation on the communicated variable z introduces new challenges for 
convergence analysis. In Algorithm  1, to solve the constrained quadratic optimization 
problem in Eq. (2), we employ the projection operation to ensure the new update z(k)

t  to 
satisfy the constraint ∥z

(k)
t ∥ ≤ cfy

µ , which incurs unique challenges for decentralized opti-

mization. Specifically, since the projection operator is NOT a linear operator, it leads to ∑K
k=1 P(z(k)

t ) ̸= P(
∑K

k=1 z
(k)
t ), which makes it challenging to bound the optimization 

error E[∥z̄t − z∗(x̄t)∥2].
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First, due to the non-linear projection projection, we cannot bound E[∥z̄t − z∗(x̄t)∥2] 
as E[∥ȳt − y∗(x̄t)∥2]. In particular, when there is no projection, the averaged variable ȳt 
behaves like the variable under the single-machine setting. Therefore, it is easy to bound 
E[∥ȳt − y∗(x̄t)∥2] by following Lemma 28 in Huang et al. (2008) under the single-machine 
setting. However, due to the non-linear projection operation, Eq. (83) in Huang et al. (2008) 
only holds for the variable on each worker z(k)

t , rather than the averaged variable z̄t. There-
fore, the approach (Huang et al., 2008) designed for the single-machine setting cannot be 
applied to our algorithms.

Second, although there exists an alternative approach, i.e., Lemma 2 in Zhang et al. 
(2024), to bound E[∥ȳt − y∗(x̄t)∥2] under the decentralized setting, it cannot be directly 
applied to E[∥z̄t − z∗(x̄t)∥2] due to the projection operation. In particular, just as shown 
in Eq.  (C27), we cannot obtain E[∥z̄t+1 − z∗(x̄t)∥2] = E[∥z̄t − ηβ3r̄t − z∗(x̄t)∥2] as 
Eq.  (23) in Zhang et al. (2024) due to 

∑K
k=1 P(z(k)

t ) ̸= P(
∑K

k=1 z
(k)
t ). Therefore, we 

establish a new upper bound for E[∥z̄t+1 − z∗(x̄t)∥2], which has two additional terms 
as shown in Eq. (C27). Especially, our theoretical analysis shows that the additional term 
E[∥Zt − Z̄t∥2

F ] in Eq. (C27) makes the convergence rate have a worse dependence on the 
spectral gap. Specifically, it makes the coefficient c4 of E[∥Zt − Z̄t∥2

F ] in the potential func-
tion Lt in Eq.  (B10) have an additional term compared with c3 of E[∥Yt − Ȳt∥2

F ], i.e., 
c4 = 2β1

(1−λ2) c̃4 + 5β1
β3η(1−λ2) c̃1 (See Eq. (C79)), where the second term has a factor 1

β3
. Such 

a factor makes β3 have to be as small as O((1 − λ)4). Specifically, as shown in Eq. (C87), 
that factor leads to the second inequality, which further leads to Eq. (C89), resulting in a 
worse dependence O((1 − λ)4). Obviously, if there were no such a factor in c4, the upper 
bound of β3 could be improved to O((1 − λ)2), which will lead to a better convergence rate.

In summary, the additional communication required for estimating hypergradient makes 
the convergence analysis more challenging due to the involved projection operation. Our 
theoretical analysis clearly discloses how it affects the convergence rate.

The alternating update introduces more challenges for convergence analysis. Spe-
cifically, considering the t-th iteration, the alternating update introduces new chal-
lenges when bounding the gradient estimation error: E[∥δĜF (Xt, Yt+1, Zt+1) − Ut∥2

F ] 
and E[∥δĜh (Xt, Yt+1, Zt) − Wt∥2

F ]. Taking the former one as an example, as shown in 
Option-II of Step 4 in Algorithm 1, Ut should use the new update Yt+1 and Zt+1. As a 
result, its upper bound depends on E[∥Yt+1 − Yt∥2

F ] and E[∥Zt+1 − Zt∥2
F ] as shown 

in Lemma  D.5. Furthermore, as shown in Lemma  D.14 and Lemma  D.15, those two 
terms depend on the gradient estimation error E[∥Vt−1 − δg(Xt−1, Yt−1)∥2

F ] and 
E[∥Wt−1 − δĜh (Xt−1, Yt, Zt−1)∥2

F ], respectively. As a result, the upper bound of 
E[∥δĜF (Xt, Yt+1, Zt+1) − Ut+1∥2

F ] depends on all three gradient estimation errors in the 
(t − 1)-th iteration, i.e., E[∥δĜF (Xt−1, Yt, Zt) − Ut−1∥2

F ], E[∥Vt−1 − δg(Xt−1, Yt−1)∥2
F ], 

and E[∥Wt−1 − δĜh (Xt−1, Yt, Zt−1)∥2
F ], which can be found in Eq. (B15). On the contrary, 

for the simultaneous update, as shown in Lemma C.5, it only depends on its own estimation 
error in the t-th iteration. Therefore, it is much more challenging to establish the convergence 
rate for DSVRBGD-A compared with DSVRBGD-S. To address this challenge, we design 
a new potential function to handle the challenging dependence between those gradient esti-
mation errors. In particular, as shown in Eq. (D187), we introduce additional terms for the 
coefficient c11 and c13 of E[∥Vt − δg(Xt, Yt)∥2

F ] and E[∥Wt − δĜh (Xt, Yt+1, Zt)∥2
F ] com-

pared with those in Eq. (C99) of the simultaneous update.
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6  Experiment

In our experiments, we focus on the hyperparameter optimization problem and the hyper-
representation learning problem.

6.1  Hyperparameter Optimization

In our experiments, we focus on the following hyperparameter optimization problem:

	

min
x∈Rd

1
K

K∑
k=1

1
n(k)

n(k)∑
i=1

ℓ(y∗(x)T a
(k)
v,i , b

(k)
v,i )

s.t. y∗(x) = arg min
y∈Rd×c

1
K

K∑
k=1

1
m(k)

m(k)∑
i=1

ℓ(yT a
(k)
t,i , b

(k)
t,i ) + 1

cd

c∑
p=1

d∑
q=1

exp(xq)y2
pq

� (11)

where the lower-level optimization problem optimizes the classifier’s parameter y ∈ Rd×c 
based on the training set {(a(k)

t,i , b
(k)
t,i )}m(k)

i=1 , the upper-level optimization problem optimizes 

the hyperparameter x ∈ Rd based on the validation set {(a(k)
v,i , b

(k)
v,i )}n(k)

i=1 , the loss function 
is the cross-entropy loss function.

To verify the performance of our algorithm, we use four real-world LIBSVM datasets3: 
w8a, a9a, ijcnn1, covtype. For each dataset, we randomly select 10% of samples as the 
test set, 70% of the remaining samples as the training set, and the others as the valida-
tion set. Then, to demonstrate the performance of our algorithms under the heterogeneous 
setting, we construct a heterogeneous variant for each training set. In detail, we use eight 
workers in our experiments. We set the imbalance ratio on these workers, i.e., the ratio 
between the number of samples in the positive class and the total number of samples, as 
{0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45} by randomly dropping samples from the positive 
or negative class.

We compare our algorithm with five baseline methods: including MDBO (Gao et al., 
2023), DSBO (Chen et al., 2022a), Gossip-DSBO (Yang et al., 2022), MA-DSBO (Chen et 
al., 2022b), and VRDBO (Gao et al., 2023). As for the hyperparameter, we set the solution 
accuracy ϵ to 0.05 so that the learning rates of the first four methods are set to η = ϵ2 accord-
ing to their theoretical results, e.g., Theorem 3.3 in (Chen et al., 2022b), and the learning 
rate of VRDBO and our algorithm is set to η = ϵ in terms of the corresponding theoretical 
results. Moreover, αi is set such that αiη

2 = 0.9 and βi is set to 1 for both VRDBO and our 
algorithms. As for the double-loop basline methods: DSBO,Gossip-DSBO, and MA-DSBO, 
the number of iterations for the lower-level update and the Hessian-inverse-vector product 
update is set to 10. For the single-loop baseline method MDBO, we use a learning rate for 
the lower-level variable that is ten times larger than those double-loop methods to mitigate 
the effect of the double loop. Additionally, the batch size of all algorithms is set to 100, and 
the number of iterations is set to 2, 000. As for the communication topology, we consider 
three classes: ring graph, random graph, and torus graph. In particular, the probability for 
generating the random graph is set to 0.4 in our experiments.

3 ​h​t​t​p​s​:​​/​/​w​w​w​​.​c​s​i​e​.​​n​t​u​.​​e​d​u​.​t​w​/​~​c​j​l​i​n​/​l​i​b​s​v​m​t​o​o​l​s​/​d​a​t​a​s​e​t​s​/
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In Figure 1, we plot the upper-level loss function value versus the number of iterations. It 
can be observed that our two methods converge faster than the method that does not use vari-
ance-reduced gradient, including Gossip-DSBO, DSBO, MA-DSBO, and MDBO, and also 
enjoys a faster convergence speed than the method using variance reduction, i.e., VRDBO. 
In addition, to better show the improvement of our two methods over VRDBO, we plot the 
difference between the loss function value obtained from our methods and that obtained 
from VRDBO in Figure 2. In particular, we plot ∆ = LOSSDSVRBGD-S − LOSSVRDBO in 
the first row and ∆ = LOSSDSVRBGD-A − LOSSVRDBO in the second row. When ∆ < 0, 
DSVRBGD-S(DSVRBGD-A) decreases the loss function value faster than VRDBO. Other-
wise, VRDBO converges faster. In Figure 2, it can be seen that the value of the loss function 
decreases more rapidly with our two methods than with VRDBO, confirming that our two 
methods outperform VRDBO.

In Figure 3, we plot the upper-level loss function value versus the number of communi-
cated megabytes (MB), when using the ring graph. Note that we only show the first 100MB 
to make the comparison clearer. Compared with the homogeneous baseline methods, we can 
find that VRDBO and MDBO have a smaller communication cost. The reason is that they 
are designed for homogeneous setting so that they do not need to communicate any infor-
mation regarding Hessian or Jacobian. On the contrary, our methods, DSVRBGD-S and 

Fig. 2  The first row shows the loss function value difference: ∆ = LOSSDSVRBGD-S − LOSSVRDBO. 
The second row shows the loss function value difference: ∆ = LOSSDSVRBGD-A − LOSSVRDBO. 
The negative difference value denotes our methods converge faster than VRDBO, as they reduce the loss 
function value more quickly

 

Fig. 1  The upper-level loss function value versus the number of iterations on a ring graph
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DSVRBGD-A, should communicate an additional Hessian-inverse-vector product z com-
pared to these two baseline methods. Therefore, our communication cost is a little larger 
than them. Compared with the heterogeneous baseline methods, we can find that our two 
algorithms are much more communication-efficient than all of them, because these baseline 
methods should communicate the high-dimensional Hessian or Jacobian matrices. In con-
trast, our methods only need to communicate the low-dimensional Hessian-inverse-vector 
product z, saving communication costs significantly.

Moreover, in Figure 4 and Figure 5, we plot the test accuracy versus the number of itera-
tions and the communication cost, respectively. We can still find that our methods enjoy 
small communication costs and converge faster than all baselines that are designed for the 
heterogeneous setting.

Topology. In Figure 6, we plot the loss function value and test accuracy with respect to 
the communication cost and the number of iterations on the random communication graph 
and the torus communication graph. Under these two settings, we can still find that our 
methods outperform all baseline methods designed for the heterogeneous setting.

Simultaneous Update vs Alternating Update. In Figure  7, we show the difference 
between the upper-level loss function value obtained from the simultaneous update 
(DSVRBGD-S) and the alternating update (DSVRBGD-A). In particular, we plot 

Fig. 5  The test accuracy versus the communication cost (MB) on a ring graph

 

Fig. 4  The test accuracy versus the number of iterations on a ring graph

 

Fig. 3  The upper-level loss function value versus the communication cost (MB) on a ring graph
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∆ = LossDSVRBGD-A − LossDSVRBGD-S. When ∆ < 0, DSVRBGD-A decreases the loss 
function value faster than DSVRBGD-S. Otherwise, DSVRBGD-S converges faster. From 
Figure 7, we can find that the alternating update (DSVRBGD-A) converges a faster than the 
simultaneous update (DSVRBGD-S) because ∆ < 0.

Ablation Studies for Hyperparameters. We conduct experiments to show the performance 
of our methods with different hyperparameters, where the dataset is a9a. In Figure 8, we show 
the effect of βi (where i ∈ {1, 2, 3}) on the convergence performance of our DSVRBGD-S 
and DSVRBGD-A. Specifically, we set βi = {0.1, 0.3, 0.5, 0.7, 0.9} while fixing η = 0.05. 
Since the actual learning rate is βiη from the global view as X̄t+1 = X̄t − β1ηP̄t, a smaller 
βi results in a smaller learning rate. Therefore, a smaller βi leads to a slower convergence 
rate as shown in Figure 8. In Figure 9, we show the effect of αi (where i ∈ {1, 2, 3}) on the 
convergence performance of our DSVRBGD-S and DSVRBGD-A. In this experiment, we 
fix η = 0.05 and then vary αi such that αiη

2 = {0.1, 0.3, 0.5, 0.7, 0.9}. It can be observed 
that it does not affect the convergence rate significantly.

Fig. 7  The loss function value difference: ∆ = LOSSDSVRBGD-A − LOSSDSVRBGD-S. The nega-
tive difference value denotes DSVRBGD-A converges faster than DSVRBGD-S, as it reduces the loss 
function value more quickly

 

Fig. 6  The first row uses a random communication graph. The second row uses a torus communication 
graph. The datasets is a9a
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6.2  Hyper-representation Learning

In this additional experiment, by following FedNEST Tarzanagh et al. (2022), we focus 
on the hyper-representation optimization problem. Specifically, the upper-level optimiza-
tion problem is to optimize the backbone neural network’s weight to obtain better features, 
while the lower-level optimization problem is to optimize the classifier’s weight given the 
backbone neural network. In our experiment, we use a two-layer fully-connected neural net-
work, whose hidden layer has 30 neurons. In this way, the upper-level optimization problem 
learns the weight of the first layer, which is nonconvex optimization problem. The lower-
level optimization problem learns the weight of the last layer, which is actually a logistic 
regression problem when fixing the first layer. It is a strongly convex problem when adding 
a regularization term. In this experiment, we consider the multi-class classification dataset 
from LIBSVM4: covtype, which has 7 classes, 581,012 samples, and 54 features. In this 
experiment, we still randomly select 10% of samples as the test set, 70% of the remaining 

4 ​h​t​t​p​s​:​​​/​​/​w​w​​w​.​c​s​i​​e​.​n​​t​​u​.​e​​d​u​.​t​w​/​~​c​j​l​i​n​/​l​i​b​s​v​m​t​o​o​l​s​/​d​a​t​a​s​e​t​s​/​m​u​l​t​i​c​l​a​s​s​.​h​t​m​l

Fig. 9  The convergence performance of our DSVRBGD-S and DSVRBGD-A for different values of αi. 
The dataset is a9a

 

Fig. 8  The convergence performance of our DSVRBGD-S and DSVRBGD-A for different values of βi. 
The dataset is a9a
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samples as the training set, and the others as the validation set. In addition, the solution 
accuracy ϵ is set to 0.02. The other settings are set in the same way as our first experiment.

In Figure 10, we plot the upper-level loss function value and test accuracy versus the 
communication cost and the number of iterations, respectively. It can be observed that our 
two methods converge much faster than all state-of-the-art heterogeneous methods in terms 
of both communication costs and iterations, which confirms the effectiveness of our pro-
posed methods. Note that the homogeneous methods, VRDBO and MDBO, have a smaller 
communication cost because they do not communicate Hessian or Jacobian matrices.

7  Future Work

In our algorithms, we use the Gradient Tracking (GT) communication strategy. In fact, there 
are communication strategies other than GT. For example, SPARKLE Zhu et al. (2024) 
studies the EXTRA and ED communication strategies for bilevel optimization, showing that 
they enjoy better transient iteration complexity than GT. Specifically, as shown in Table 1 
of that paper, when the spectral gap satisfies 1 − ρ < 1

n3 , i.e., when the communication 
graph is very sparse, EXTRA and ED perform better than GT in terms of transient complex-

Fig. 10  The comparison of different methods for hyper-representation learning using the (multi-class) 
covtype dataset and a ring graph
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ity. However, applying these two communication strategies to our algorithms introduces 
significant challenges, and it is unclear whether they would lead to similar conclusions, as 
discussed below.

SPARKLE Zhu et al. (2024) algorithm uses stochastic gradient for updating y and z and 
uses momentum to update x. As such, the dominating term 1√

nT
 (or 1

nϵ2  for achieving ϵ

-accuracy solution) in its convergence upper bound does not rely on the spectral gap 1 − ρ. 
This leads to the concept of transient iteration complexity, which is defined as: those itera-
tions before an algorithm reaches its linear-speedup stageChen et al. (2021). However, our 
algorithms use the variance-reduced gradient estimator, STORM, to update all variables. 
As a result, the dominating term in the convergence upper bound depends on the spectral 

gap, i.e., O
(

1
K(1−λ)4ϵ3/2

)
. Therefore, according to Chen et al. (2021), the transient itera-

tion complexity is not well defined when there exists a spectral gap in the dominating term. 
Consequently, the challenge for studying the influence of different communication topology 
is to establish a convergence rate whose dominating term is independent of the spectral 
gap. In fact, this is still an open problem even for the traditional single-level optimization 
algorithm. For example, as shown in Table 1 of Xin et al. (2021), which uses the STORM 
gradient estimator for decentralized minimization problems, the iteration complexity relies 
on the spectral gap under the worst case. In summary, the advantage of EXTRA and ED over 
GT is reflected by the transient iteration complexity. However, this notion is not well defined 
for algorithms that rely on variance-reduced gradient estimators, since the dominating term 
in their convergence upper bounds depends on the spectral gap.

Since comparing different communication strategies for variance-reduced gradient-
based methods involves an open problem and is nontrivial to address, we leave this for 
future work.

8  Conclusion

In this paper, we analyzed the convergence rate of decentralized stochastic bilevel optimiza-
tion algorithms under the heterogeneous setting. In particular, to reduce the communication 
rounds in each iteration, we proposed to employ the variance-reduced gradient descent on 
each worker to estimate the Hessian-inverse-vector product. As a result, our algorithm can 
achieve a small number of iterations. Meanwhile, it can reduce the communication rounds 
in each iteration and also reduce the cost in each round. In addition, we develop a new 
algorithm based on the alternating update strategy, which also enjoy these nice empirical 
and theoretical properties. The extensive experimental results confirm the effectiveness of 
our two algorithms.
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