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Abstract—Reconstructing emergency communication networks
(ECNs) quickly after a disaster occurs is critical so that people
can share information and confirm their safety. In recent studies,
deployable base stations (DBSs) have demonstrated their ability to
reconstruct an ECN. However, considering limited resources, it is
impossible to deploy DBSs in the whole disaster area. The above
shortage can be covered by deploying small-cell networks (i.e.,
low-power transmission base stations ) in areas with high commu-
nication demand, e.g., in refuges. Considering the above two-tier
ECN, in this paper, we study its performance and optimization issue
with the objective of minimizing the number/density of DBSs while
guaranteeing acceptable coverage probabilities for both communi-
cation tiers. The majority of current research focuses on scenarios
where the base stations follow a homogeneous Poisson point process
of coverage probability. It is difficult to transfer the results to other
applications, e.g., when communication resources are shared, such
as by refugees following a disaster. In such cases, the distribution
of users is closer to that of a Poisson cluster process. We then in-
vestigate the optimization method to minimize the number/density
of DBSs. We used Monte Carlo methods with various parameter
choices to evaluate the results and to determine the accuracy of our
evaluation.

Index Terms—Anti-disaster network, association probability,
coverage probability, heterogeneous emergency communication
networks (ECNs), Poisson cluster process (PCP).

I. INTRODUCTION

THE communication network is crucially important in a dis-
aster, since both rescue and recovery greatly depend on the

provided communication channels. However, the conventional
communication network is fragile once a disaster happens. A
temporal communication system, namely, an emergency com-
munication network (ECN), must be quickly constructed to con-
nect users.

Deployable base station (DBS)-based ECNs have shown pos-
sible applications for supporting communication after a disaster,
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e.g., NTT Japan has proposed a DBS to be deployed after a dis-
aster occurs. Users can use the DBS to send messages from a
disaster area [1]. However, effectively deploying them is still
an ongoing research problem, since it is impossible to deploy
DBSs in the entire disaster area.

On the other hand, multitier heterogeneous cellular networks
(HCNs) have demonstrated their ability to enhance the coverage
of communication networks. For example, femtocell base sta-
tions (BSs) can be deployed in houses near the edges of macro-
cell coverage in order to support users who require high-speed
data transmission services.

Similar to HCNs, small-cell networks can support coverage
of DBSs especially in areas with high communication demand,
e.g., in refuges, by constructing a two-tier heterogeneous ECN.
The first tier is a macrocell tier composed of DBSs, which can
provide communication services with a relatively long distance,
similar to macrocell BSs in a cellular communication system.
The second tier is composed of small-cell BSs, deployed in shel-
ters. The advantages to construct such a heterogeneous ECN in-
clude the following: 1) it is possible to provide communication
services for a crowd of users in a shelter and 2) deployment of
DBSs in a disaster area can quickly reconstruct a communica-
tion network and cover a large area, while it is impractical for
deploying small-cell BSs in a large-scale area.

In such a two-tier heterogeneous ECN, one of the key re-
search issues is the minimization of communication resources,
e.g., the number/density of DBSs, while guaranteeing coverage
probabilities for both communication tiers, considering limited
communication resource in a disaster scenario. For example,
generally, DBSs should be transferred from other areas, and the
process will take time. In this paper, we take the above research
problem and study the performance and optimization issue with
the objective of minimizing number/density of DBSs.

Coverage probability, which is the likelihood that users will
have acceptable service is of utmost importance to HCNs. The
results of determining the coverage probability can be used as
a basis for other applications, such as improving access mecha-
nisms [2]–[4] or optimizing an HCN.

Existing studies of coverage (alternatively, outage) probabil-
ity can be categorized as mathematical analyses [5] or perfor-
mance evaluations [6]–[8]. However, almost all of the research
has assumed that the BSs follow a homogeneous Poisson point
process (PPP) distribution. In contrast, in a disaster scenario,
when communication services are not generally available, peo-
ple tend to gather in shelters. In such a situation, it is difficult
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Fig. 1. Model of this application.

to ensure an acceptable level of service, since the bandwidth is
shared with a large group, however the deployment of femtocell
BSs can enhance the service, as shown in Fig. 1, through the
following ways.

1) Deployment of femtocell BSs in a refuge can provide more
communication resources to meet requirements from a
crowd of users.

2) Deployment of femtocell BSs in the communication
edge of macrocell BS can enable a stable and smooth
communiation.

Based on the issues described above, in this paper, we con-
sider the coverage probability of small-cell BSs that follow a
Poisson cluster process (PCP). After disaster occurrence, most
of those affected would like to leave home [9] and stay at a
refuge for safety and information acquisition. Distribution of
the refuges can be represented as a PPP distribution, and, for
each refuge, a cluster of femtocell BSs can be deployed. The
above scenario mostly matches with the definition of PCP [10].

Although this is an emerging topic, there has already been
a study [11] that evaluates the coverage probability for a PCP;
it presents a mathematical analysis of the coverage probability
when there is one macrocell BS and the distance between the
user and the BS is known a priori. However, in most cases, the
distance is not known, and we want to know the coverage prob-
ability for a random user in the network, and in this particular
case, we are primarily interested in the conditional probability of
coverage when the user is inside a given cluster. This is because
in such a scenario, the small-cell BSs will follow a PCP, and
most of the users will remain within a cluster. For this reason,
it will be more meaningful and will have more applications if
we determine the conditional probability of coverage for users
within clusters.

To guarantee QoE, we consider both the conditional associ-
ation probability and the conditional coverage probability for
users who remain within a cluster and access a two-tier ECN.
The “condition” stated in the paper is to represent “on the con-
dition that the user is staying inside of a refuge” to have more
applications and possible users. The first tier is a macrocell
(i.e., DBS tier), and the second tier is a small cell, which can
be either a femtocell or a picocell, depending on the particular
application.

The macrocell is to provide a long-distance communication.
Small cell, e.g., femtocell or picocell, provides communication
services for a shorter distance. Femtocell BS can be deployed
at home environment to enhance communication services for
residents, while picocell BS is deployed in a larger area, e.g.,
factory. In this paper, for simplicity, we assume that the small
cell is a femtocell; however, the results can be generalized to
picocells.

More specifically, first we consider the conditional associa-
tion probability. Here, association refers to the communication
tier that serves a given user, and this is based on the power re-
ceived at the user’s location from the BSs in the different tiers.
This probability is based on the distributions of BSs in a given
scenario; in this paper, we assume that the DBSs in macrocell
follow a homogeneous PPP and the small-cell BSs follow a PCP.

Next, we consider the conditional coverage probability for
a user within a cluster. Coverage at a particular location (e.g.,
the user) is defined to occur when the signal-to-interference-
and-noise ratio (SINR) from a given BS is greater than a given
threshold. The probability of this occurrence is based on the
distribution of macrocell and small-cell BSs. Finally, we have
achieved approximate theoretical upper bound of conditional
coverage probabilities for both tiers.

Then, we study the optimization issue to minimize the density
of the macrocell DBS, taking the conditional coverage proba-
bilities as constraints. The reason why we are taking the condi-
tional coverage probabilities as constraints is to guarantee the
performance of the communication network.

Finally, we perform a comprehensive evaluation, based on
Monte Carlo methods. We simulate a network environment
in which DBSs in a macrocell follow a homogeneous PPP
and small-cell BSs follow a PCP within a given area. In
repeated Monte Carlo trials, for a random user within a cluster,
we calculate the corresponding SINR from the serving BS
and evaluate the probability of coverage. These results are
critical for evaluating the accuracy of the analytical results
in this paper. Furthermore, we evaluate the performance of
such a communication network for various values of the
network parameters, such as the density of the distribution of
macrocell and small-cell BSs. These results will be useful for
the design of future communication networks. And finally, we
have evaluated the performance of the proposed optimization
method.

The main contributions of the paper can be summarized as
follows.

1) Mathematical analysis and evaluation of the conditional
association probability and conditional coverage proba-
bility for a heterogeneous ECN: we present the equations
and the detailed derivations for these two probabilities and
show how they depend on the features of the PCP.

2) Optimization of number/density of macrocell DBSs, while
guaranteeing the conditional coverage probability: we for-
mularize the problem but the challenging issue here is that
the final expression of the conditional probability is so
complex that it does not have a close-form expression. In
this paper, we take a numerical fitting approach to solve it.

3) A numerical study based on a Monte Carlo method, and
a performance evaluation based on various values of the
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network parameters, such as the density of the distribution
of the macrocell and femtocell BSs.

The remainder of this paper is organized as follows. In
Section II, we review the important related literature. In
Section III, we present the system and network models and
then formularize the optimization problem. In Sections IV and
V, we analyze the conditional association probability and the
conditional coverage probability, respectively. In Section VI, we
solve the optimization problem, and the evaluation results are
presented in Section VII. Finally, we present our conclusions in
Section VIII.

II. RELATED WORKS

The literature considering the coverage probability in HCNs
can be categorized as follows: 1) mathematical analyses and
2) evaluations of applications. These will be discussed sepa-
rately below.

A. Deployment of DBSs

Useful metrics have been proposed to evaluate the deploy-
ment of DBSs, e.g., coverage, connectivity and energy [12]–
[15]. Robinson and Knightly [12] studied the coverage problem
of a DBS and showed that random deployment needs more
nodes to achieve the same coverage target. A hexagonal grid
topology results in more coverage dead spots than a square or
triangular grid. Furthermore, Fu et al. [13] investigated the en-
ergy of DBSs to maintain the connectivity of deployed DBSs.
On the other hand, some coverage control methods have been
proposed for mobile mesh networks. For example, Cortes et al.
[16] presented a set of control and coordination algorithms for
optimization of the location of vehicles. Mahboubi et al. [17]
proposed some distributed deployment strategies with a prior-
itized sensing field. However, no research has examined the
optimal density of DBS considering a two-tier heterogeneous
ECN, with detailed mathematic analyses of coverage probability
to a random user.

B. Mathematical Analyses of Coverage Probability

Mathematical analyses of coverage probability have primarily
been based on either of two models. The first assumes that the
BSs are distributed as a hexagonal grid; this approach has been
used in industry and academia [18]–[20]. However, it is difficult
to create this distribution, and the calculated probability cannot
be generalized to a more realistic situation [5], [21]. The other
approach is to model the deployment of BSs as random points
obtained from a spatial stochastic process, such as a PPP. Such
an approach has been shown to be as accurate as the grid model
[18], [22], but it is suitable only for small-cell networks, due to
the unknown and unplanned positions of the BSs.

Several studies have analyzed the coverage probability of BSs
distributed according to a PPP. Dhillon et al. [5] mathematically
analyzed a K-tier downlink HCN while considering both open-
and closed-access policies, and their results can be efficiently
adopted by service providers [23]. The coverage probability with
biased cell associations has also been considered [18], [24], [25].

Flexible cell associations can result in a better allocation of com-
munication resources, since mobile users in an overloaded tier
can be transferred to one with a lighter load [24]. The benefits
of adding more small-cell BSs to areas with poor coverage have
been considered for networks of small-cell BSs that are nonuni-
formly distributed [26]. In addition, the performance of HCNs
has been evaluated [6]–[8], and the effects of various values of
the parameters have been considered; these parameters include
the fading channels [27] and the number of sectors [4], [28].

Most studies have assumed that the distribution of small-
cell BSs follows a homogeneous PPP, although this is unsuit-
able for many applications, such as a disaster scenario, as dis-
cussed above and as shown in Fig. 1. For this reason, the Monte
Carlo method has been used to evaluate the coverage proba-
bility of PCPs [11]. However, this approach has the following
shortcomings:

1) the results are restricted to cases in which the distance
from the user to the macrocell DBS is known, and they cannot
be generalized to determine the coverage probability for a user
in a random location in the communication network; and

2) the association issue is ignored in the analysis, so the
results are not applicable to realistic scenarios, since it is neces-
sary to determine which BS will serve a user prior to initiating
communication.

C. Application Study Based on Mathematical Results

A mathematical evaluation of the coverage probability can be
adapted to various applications, such as access control mecha-
nisms and the optimization of networks. For example, in order
to maximize throughput, a genetic-algorithm-based access con-
trol mechanism has been proposed [29], and in order to allow
dynamic access of an HCN, an approach based on the Stachel-
berg model has been proposed [2]. These approaches have been
used to design access mechanisms, and the performance of such
mechanisms has been evaluated [30]. This approach can also be
used to optimize the usage of an HCN [3], [4]. However there is
no study on optimization of DBS’s density while guaranteeing
acceptable coverage probability, considering a PCP distribution
of small-cell BSs. Meanwhile, our analytical results will be use-
ful for the further development of efficient access control mech-
anisms for small-cell networks where the BSs are distributed
according to a PCP.

D. PCP for Disaster Scenario

The PCP has been widely applied to studies for disaster. In
[31], each earthquake is regarded as a point event, and a stochas-
tic model is developed for earthquake occurrence. Matsui has
studied a simple but flexible Poisson cluster model in [32].
Thompson and Guttorp [33] have shown that a Poisson clus-
ter model can better describe data on severe cyclonic storms
striking the Bay of Bengal coast during 1877–1977. Mean-
while, A Poisson cluster distribution is adopted to model the
victim distribution in [34], which derives a hazard map for
earthquake occurrences in Pakistan from a catalog that contains
spatial coordinates of shallow earthquakes of magnitude 4.5 or
larger aggregated over calendar years. A similar model is also
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Fig. 2. Example of a cluster process.

considered in [35]. This paper constructed several space–time
statistical models based on classical empirical studies of clus-
tering and some more speculative hypotheses.

III. MODELS

Before presenting our mathematic analysis in detail, we first
present the system model that we consider.

A. System Model

In this study, we consider a two-tier ECN that includes both
DBSs in macrocell and BSs in femtocell that are located accord-
ing to random processes. The DBSs in macrocell are distributed
according to a homogeneous PPP (denoted as Θ1 with density
λ1), and the femtocell BSs are distributed according to a PCP
(denoted as Θf ).

Each PCP (Θf ) is generated by a point process Θc =
(x1, x2, . . . , xi , . . . , xm ), and each point in Θc (each xi) is said
to be a parent point of the PCP. The density of the parent points
is denoted as λc . Around each parent point, a cluster of points
(Mxi ) will be created within a range of radius Dc and with a
specified density λd , and these points will be distributed accord-
ing to a uniform Poisson distribution. Therefore, Θf is a Matern
cluster process, which is a special kind of PCP. Note that Θf

can be represented as

Θf =
⋃

xi ∈Θ c

Mxi . (1)

A basic image resulting from a PCP can be seen in Fig. 2,
in which the DBSs in macrocell are formulated as Θ1, a homo-
geneous PPP with density λ1 (see the red triangle in Fig. 2).
The femtocell BSs generated by Θf are shown as blue points,
and yellow crosses indicate the parent points. The notation is
summarized as follows.

Θ1 Process generating macrocell DBSs.
λ1 Density of macrocell DBSs.
Θf Process generating femtocell BSs.
Θc Process generating parent points.
λc Density of parent points.
λd Density of femtocell BSs in each cluster.

Fig. 3. Interference model.

Dc Radius of each cluster.

B. Network Model

In this paper, we assume that within each tier, each of the
BSs have the same transmission power, which we denote as Pm

for the macrocells and Pf for the femtocells. The pass loss is
represented in

g(dkl) = Kjd
−αj
kl . (2)

where dkl is denoted as the distance from the user k to the
associated BS l. And the user k is served by tier j, while j
equals m or f for the macrocell or femtocell tier, respectively.
Kj [11] is a constant to merge constant parameters together.

More specifically, SUI (Stanford University Interim) Terrian C
model is taken for path loss [36] as

PL = A+ 10γ log10(d/d0) + s. (3)

and the constant parameters (e.g., free space loss A, shadowing
effect s, carrier frequency loss component, and wall penetration
loss) are merged in Kj with a non-dB form.

The power received from tier j at the location of the user k
from BS l can be written as

pjkl = Pjhjklg(dkl). (4)

We considered different values for the pass loss for each tier,
i.e., am and af for the macrocell and femtocell, respectively,
and we also considered Rayleigh fading between each user and
the serving BS. The impact of fading follows the exponential
distribution, i.e., h ∼ exp(1). hjkl is a general representation of
fading parameter in the tier j for the user k with BS l.

Fig. 3 shows the interference model. Here, we assume a typ-
ical user within a cluster located around the origin. x, y, and z
are points generated in the plane, to represent a center of cluster,
a femtocell BS deployed around x, and a macrocell BS. x is a
parent point and y is a surrounding point generated based on
PCP. z represents a macrocell BS, following a PPP distribution.
x and z share the same origin, and the daughter point y takes its
parent point x as the origin. Then, based on vector operation,
the distance between femtocell BS and a typical user is equal to
‖x+ y‖.
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Finally, the SINR for user k served by a BS l in tier j can be
written as

SINR(k) =
pjkl

Ijk + σ2
(5)

where Ijk denotes the interference at the user k, and will be
studied in Section V for details.

C. Problem Formulation

With the system and network models, we study a density
minimization problem, while guaranteeing the communication
performance to users. As discussed in Section I, understanding
the minimal required DBSs in a disaster area is rather important,
considering limited communication resources after occurrence
of a disaster. Meanwhile, the optimization should be constrained
by the coverage probabilities from both communication tiers, to
ensure QoE to users. Then, the problem is formalized as follows.

The Density Minimization Problem (DMP):
Given a group of small-cell BSs deployed randomly following

PCP, a group of DBSs deployed randomly following PPP, the
goal is to minimize the density of DBS, while guaranteeing
acceptable coverage probabilities in both communication tiers,
for a random user in a cluster.

The problem can be further formularized as follows:

DMP : min λ1 subject to:

cm |in ≥ η1 (6)

cf |in ≥ η2 (7)

Pm ≥ Pf , 0 < λ1 < 1, 0 < λd < 1 (8)

System and Network Models in Sections III-A and III-B.
(9)

cm |in and cf |in denote the conditional coverage probabilities that
the user is inside of a refuge, for macrocell and femtocell, re-
spectively. Better QoE for users can be achieved through the
constraints (6) and (7). The constraints (8) and (9) are used to
reach a reasonable result, with the proposed network model.

Then the further challenging issue is the mathematic expres-
sion of cm |in and cf |in, which will be studied in Sections IV and V
for details.

For simplicity, we use the following notation: Pf
m = P m

P f , Pm
f

= P f

P m , Kf
m = Km

K f , and Km
f = K f

Km , in this paper.

IV. CONDITIONAL ASSOCIATION PROBABILITY AND

PROBABILITY DISTRIBUTION FUNCTION

Since the communication system needs to decide which com-
munication tier should serve the user before providing services,
conditional association probability is studied first in Section IV.

The conditional association probability is the probability that
a user is served by a given BS, given that the user is within a
given cluster. Since most of the people would like to leave home
[9] and stay at refuges after disaster occurrence, the study can
have more possible users.

Fig. 4. Conditional association probability.

We denote the conditional association probability as Aj |in,
and it depends on the signal power from the BS in each tier
that is closest to the user’s location, as shown in Fig. 4. j can
be replaced by m or f to represent the conditional association
probability for macrocell or femtocell tiers, respectively.
Aj |in is defined in

Af |in = P [uk
as.= j|uk ∈ C] = P [Pj

k > P j−
k |uk ∈ C]. (10)

where uk
as.= j indicates that the user k is served by the tier j.

uk ∈ C indicates that the user k is within a cluster/refuge, which
is the area with coverage from a group of femtocell BSs [Mxi

in (1)], and C is used to represent a cluster/refuge.
Here, Pj

k /Pj−
k is denoted as the power received at the user

k from the nearest BS in the j/j− communication tier, where
the distance from the BS is denoted as Rj /Rj−. j or j− can be
replaced by m or f for macrocell or femtocell tier, as shown in
Fig. 4. Meanwhile, Pj

k and Pj−
k are long-term averaged value,

so that fading is averaged out, and the results lead to Lemmas 1
and 2.

Lemma 1: The conditional association probability for a
macrocell and a user who stays within a cluster is

Am |in = 2πλd

∫ D0

0
r exp(−πλdr

2)

∗ (1 − exp
{
−πλ1(Pm

f K
m
f )

1
α m r

2α f

α m

}
dr (11)

where

D0 =
(

1
πλd

) 1
2

.

Proof: See Appendix A for a detailed derivation. �
Lemma 2: The conditional association probability for a fem-

tocell and a user who stays within a cluster is

Af |in = 2πλd

∫ D0

0
r exp(−πλdr

2)

∗ exp
{
−πλ1(Pm

f K
m
f )

1
α m r

2α f

α m

}
dr
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where

D0 =
(

1
πλd

) 1
2

.

Proof: See Appendix B for a detailed derivation. �
Then we change to a preliminary study, i.e., the probability

distribution function for the tier j when the user remains within
a cluster; which is denoted as fXj |in(x). j also equals m or f
to represent different communication tier. Doing this is useful
because we wish to consider the conditional coverage probabil-
ity for a user located at a random distance from the macrocell
DBS. Conditional coverage probability should be expanded to
cover the whole space with the probability distribution function
fXj |in(x).

We define a random variable Xj as the distance between a
typical user k and the BS in the tier j that provides service.
Suppose the distance between the typical user and the nearest
BS in the tier j is Rj ; then the relationship between Xj and Rj

can be written as

P [Xj ≤ x] = P [Rj ≤ x|uk as.= j]. (12)

The conditional cumulative distribution function of Xj can
be written as

FXj |in(x) = P [Xj ≤ x|uk ∈ C]

= P
[
Rj ≤ x|uk as.= j, uk ∈ C

]
. (13)

The probability density function (PDF) of Xj can be calcu-
lated as follows:

fXj |in(x) =
dFXj |in(x)

dx
. (14)

A detailed deviation of the PDF can be found in Appendix C
and D, and the results are shown in Lemmas 3 and 4.

Lemma 3: The PDF of the distance between a typical user
and the serving BS in the macrocell tier is

fXm |in(x)=
dFXm |in(x)

dx

=
2πλ1

Am |in
∗ exp

{
−λdπ(Pf

mK
f
m )

2
α f x

2∗α m
α f −πλ1x

2
}
x.

(15)

Proof: See Appendix C for details. �
Lemma 4: The PDF of the distance between a typical user

and the serving BS in the femtocell tier is

fXf |in(x)=
dFXf |in(x)

dx

=
2πλd

Af |in
∗ exp

{
−λ1π(Pm

f K
m
f )

2
α m x

2∗α f
α m −πλdx

2
}
x

(16)

Proof: See Appendix D for details.

V. CONDITIONAL COVERAGE PROBABILITY

In this section, we further analyze the conditional coverage
probability. By coverage, we mean that a user may communi-
cate smoothly, since the SINR is larger than a given threshold.

The conditional coverage probability is the probability of cov-
erage given the deployment features of the macrocell and
femtocell BSs, and given that the user is within a cluster.

It is denoted as cj |in, and can be written as follows:

cj |in = Aj |in ∗ c′j |in (17)

where j also equals m or f for different communication tier.
Prior to beginning service, the communication system should

decide which tier is suitable for a given user, which is repre-
sented as Aj |in and was discussed in Section IV.

Since macrocell and femtocell follow two different kinds of
distribution in this study, it is hard to analyze one and copy to
the other one. Then, we study both the cases as follows:

1) Case 1: The user is associating with macrocell.
2) Case 2: The user is associating with femtocell.
Furthermore, to be a comprehensive study, we consider the

following two types of spectrum allocation strategies:
1) Type 1: There is no same tier interference, due to channel

allocation algorithms in the adjacent cells. For example, in
a cellular communication network, a group of frequencies
can be reused in other cells, and the same frequencies are
not reused in adjacent neighboring cells to avoid interfer-
ence [37].
Each BS serves a group of associated users in a time-
division manner. Due to the broadcast feature of wireless
signals, their data transmission causes interference at users
associated with the other tier. For a typical user k served
by a BS l in the tier j, the interference from tier j− can
be written as

Ijk = Ij(k,j−) =
∑

l∈Θ j −

Pj−hj−kl g(dkl). (18)

2) Type 2: A general case that interference exists in both
tiers, with the following representation:

Ijk = Ij(k,f ) + Ij(k,m ) =
∑

j∈(m,f )

∑

l∈Θ j \Bk

P jhjklg(dkl)f

(19)
where the interference Ijk is from both macrocell Ij(k,m )

and femtocell Ij(k,f ) . Bk is to represent the associated BS
with the user k.

A. Case 1: The User is Associating With Macrocell

We first analyze conditional coverage probability when the
typical user is associating with macrocell tier, i.e., cm |in.

Due to ( 17), the conditional coverage probability is further
represented as follows:

cm |in = Am |in ∗ P [SINR(z) > τ |uk ∈ C]

= Am |in ∗
∫

R2
P [SINR(z) > τ |uk ∈ C]fXm |in(z)dz

(20)
where z is the location of DBS in macrocell tier, and where
fXm |in denotes the PDF of the distance in Lemma 3. C is used
to represent a cluster/refuge.

Then the next step is to solve P [SINR(z) > τ |uk ∈ C] as
follows (for simplicity, we denote this as Pm

z ); this relation
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indicates that the SINR is larger than a given threshold if the
user remains within a cluster:

Pm
z = P [SINR(z) > τ |uk ∈ C]

(1)
= P

[
h >

[Imk + σ2]τza
m

KmPm

]

uk ∈C

(2)
= exp

(
− [Imk + σ2]τza

m

KmPm

)

uk ∈C

= exp
(
−τz

am σ2

KmPm

)
exp
(
−I

m
k τz

am

KmPm

)

uk ∈C
(21)

where step 1) is based on the definition of the SINR in (5), and
step 2) is based on the assumption that the impact of Rayleigh
fading follows as exponential distribution, as described in Sec-
tion III-B.

Then, Imk in (21) will be expanded based on the two types of
spectrum usage as follows.

1) Type 1: There is no Same Tier Interference: We first con-
sider the type 1, so that Pm

z is further represented as follows, by
only considering interference from femtocell BSs:

Pm
z = exp

(
−τz

am σ2

KmPm

)
LIm(k , f )

(
za

m
τ

KmPm

)

uk ∈C
. (22)

The basic procedures to solve it include:
1) expanding Laplace Transform LIm(k , f )

( za
m
τ

Km P m )uk ∈C based
on (18);

2) representing the distribution of femtocell BSs based on
probability-generating function for PCP;

3) integrating steps 1) and 2) to solve LIm(k , f )
( za

m
τ

Km P m )uk ∈C .

The detailed deviation of LIm(k , f )
( za

m
τ

Km P m )uk ∈C can be found
in Appendix E. In step 3), some mathematic manipulation, e.g.,
approximation, is necessary for the inextricable problem. And
finally we reach the approximate theoretical upper bound of
conditional coverage probability in Theorem 1 .

Theorem 1: For a typical user, the approximate theoretical
upper bound on the conditional coverage probability, denoted
as c̃m |in, for the macrocell tier in type 1 is

c̃m |in = 2πλ1

∫ ∞

0
z exp

{
− τ

PmKm
za

m

σ2 − πλ1z
2 + K̃f (.)

− λdπ(Pf
mK

f
m )

2
α f z

2∗α m
α f

}
dz (23)

where

K̃f (.)=−μ ∗ λc ∗ 2π
(μ+1)

∗
{

1

B
2
a (af−2) ∗ min

a f −2
a f

∗ .2F1

(
af−2
af

,
af−2
af

;
2af−2
af

;
1

min

)

−
2Dc

3

B
1
a (af−1) ∗ min

a f −1
a f

∗ .2F1

(
af−1
af

,
af−1
af

;
2af−1
af

;
1

min

)}

(24)

and B = [τza
m
P f
m

Kf

Km
(μ+ 1)]−1, min = B( 2Dc

3 )a
f

+ 1.

Input of K̃f (.) includes BS power Pm and Pf , pass loss fac-
tors am , af ,Km , andKf , radius of clusterDc , the mean number
of points in each cluster u, cluster density λc , and threshold τ .

2) Type 2: Interference Exists in Both Tiers: In type 2, the
interference will be considered as shown in (19), so that Pm

z is
further represented as follows:

Pm
z = exp

(
−τz

am σ2

KmPm

)
LIm(k ,m )

(
za

m
τ

KmPm

)

uk ∈C
LIm(k , f )

×
(

za
m
τ

KmPm

)

uk ∈C
. (25)

The basic procedures to solve LIm(k ,m )
( za

m
τ

Km P m )uk ∈C are sim-
ilar to the deviations in Section V-A.1 and Appendix E.

First, Laplace Transform of LIm(k ,m )
( za

m
τ

Km P m )uk ∈C is ex-
panded based on the interference expression in (19) as follows:

LIm(k ,m )

(
za

m
τ

KmPm

)
= Ehm ,Θm

[
exp

(
−
za

m
τIm(k,m )

KmPm

)]

= Ehm ,Θm

⎡

⎣exp

⎛

⎝− za
m
τ

KmPm

∑

l∈Θm /Bk

PmhmklKmd
−am
kl

⎞

⎠

⎤

⎦

(3)
= EΘm

⎡

⎣
∏

l∈Θm /Bk

1
1 + s3(dkl)−a

m

⎤

⎦ (26)

where s3 = τza
m

.
Step 3) follows from the moment-generating function [38] of

an exponentially distributed random variable hm , as follows:

Eh [e−sR ] =
1

1 + sR
. (27)

Second, since BSs in macrocell tier follow a PPP distribution,
its probability-generating function [10] is as follows:

GP (v(x)) = E

[
∏

v(x)

]
= exp

(
−λ1

∫

R2
(1 − v(x))dz

)
.

(28)
Third, by comparing (26) and (28), it is easy to find v(x) =

1
1+s3(dk l )−a

m , and then integrating them together we have

LIm(k ,m )

(
za

m
τ

KmPm

)
= exp

(
−λ1

∫

R2

(
1 − 1

1 + s3 ∗ z−am
)
dz

)

(4)
= exp

(
−λ1(s3)2/am C(am )

)
. (29)

Step 4) is adopted based on the analysis result, i.e., (17) in [39],

where C(am ) = 2π 2CS ( 2π
a m )

am

Finally, by substituting results of LIm(k ,m )
( za

m
τ

Km P m )uk ∈C ,

LIm(k , f )
( za

m
τ

Km P m )uk ∈C , Lemmas 1 and 3 together we reach to
Corollary 1 as follows.

Corollary 1: For a typical user, the approximate theoretical
upper bound on the conditional coverage probability for the
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macrocell tier in type 2, denoted as c̃′m |in, is

c̃′m |in = 2πλ1

∫ ∞

0
z exp

{
− τ

PmKm
za

m

σ2 − πλ1z
2 + K̃f (.)

− λ1(s3)2/am C(am )

− λdπ(Pf
mK

f
m )

2
α f x

2∗α m
α f

}
dz (30)

where K̃f (.) has the same form as in Theorem 1.

B. Case 2: The User is Associated With Femtocell

Then we further analyze the case that the typical user is
associated with femtocell, which is denoted as cf |in, and can be
represented as follows,

cf |in = Af |in ∗ P [SINR(z) > τ |uk ∈ C]

= Af |in ∗
∫

R2
P [SINR(z) > τ |uk ∈ C]fXf |in(z)dz (31)

where z is the location of femtocell BS.
Then similarly to (21), we short P [SINR(z) > τ |uk ∈ C] in

(31) as P f
z , and then further analyze it as follows:

P f
z = P [SINR(z) > τ |uk ∈ C]

= exp

(
−τz

af σ2

KfPf

)
exp

(
−I

f
k τz

af

Kf P f

)

uk ∈C
. (32)

Ifk is expanded based on the following two types of spectrum
allocation.

1) Type 1: There is no Same Tier Interference: In type 1, the
interference will form macrocell BSs, for the user who is served
by a femtocell BS. Then, P f

z is further represented as follows
from (32):

P f
z = exp

(
−τz

af σ2

KfPf

)
LI f(k ,m )

(
za

f
τ

Kf P f

)

uk ∈C
. (33)

Then, the interference from macrocell BSs, i.e.,

LI f(k ,m )
( za

f
τ

Kf P f )uk ∈C is further expanded as follows:

LI f(k ,m )

(
za

f
τ

Kf P f

)

= Ehm ,Θm

[
exp

(
−
za

f
τIf(k,m )

KfPf

)]

= Ehm ,Θm

⎡

⎣exp

⎛

⎝− za
f
τ

Kf P f

∑

l∈Θm /k

PmhmklKmd
−am
kl

⎞

⎠

⎤

⎦

= EΘm

⎡

⎣
∏

l∈Θm /k

1

1 + s
(2)
3 (dkl)−a

m

⎤

⎦ (34)

where s(2)
3 = τza

m
Km
f P

m
f , similar to the analysis process in

(26).

Then, since the macrocell tier follows a PPP distribution, we
have

LI f(k ,m )

(
za

f
τ

Kf P f

)
= exp

(
−λ1

∫

R2

(
1 − 1

1 + s
(2)
3 ∗ z−am

)
dz

)

= exp
(
−λ1(s

(2)
3 )2/am C(am )

)
(35)

where C(am ) = 2π 2CS ( 2π
a m )

am , similar to the analysis process in
(29).

Finally, by substituting the results in (35), (33), Lemma 2,
and Lemma 4 into (31), we reach to the Theorem 2 as follows.

Theorem 2 For a typical user, the approximate theoretical
upper bound on the conditional coverage probability, denoted
as c̃f |in, for the femtocell tier with a Matern cluster process in
type 1 is

c̃f |in = 2πλd

∫ ∞

0
z exp

{
− τ

P fKf
za

f

σ2 − πλdz
2

− λ1(s
(2)
3 )2/am C(am )

− λ1π(Pm
f K

m
f )

2
α f x

2∗α m
α f

}
dz (36)

2) Type 2: Interference Exists in Both Tiers: Considering the
type that interference exists in both tiers, we have

P f
z = P [SINR(z) > τ |uk ∈ C]

= exp

(
−τz

af σ2

KfPf

)
LI f(k ,m )

(
za

f
τ

Kf P f

)

uk ∈C
LI f(k , f )

×
(
za

f
τ

Kf P f

)

uk ∈C
(37)

Then take the similar process in Appendix E, LI f(k , f )
( za

f
τ

Kf P f )
can be solved by first expanding the Laplace transform

LI f(k , f )

(
za

f
τ

Kf P f

)
= EΘf

⎡

⎣
∏

i∈Θf

1

1 + s
(2)
2 (di)−a

f

⎤

⎦ (38)

where s(2)
2 = τza

f
.

And second solve LI f(k , f )
( za

f
τ

Kf P f ) based on probability-

generating function for PCP similar to Appendix E.
Then, the upper bound is calculated as follows:

K̃(2)
f (.) = − μ ∗ λc ∗ 2π

(μ+ 1)

∗
{

1

(B(2))
2
a (af − 2) ∗ (min(2))

a f −2
a f

∗ .2F1

(
af − 2
af

,
af − 2
af

;
2af − 2
af

;
1

min(2)

)

−
2Dc

3

(B(2))
1
a (af − 1) ∗ (min(2))

a f −1
a f

∗ .2F1

(
af − 1
af

,
af − 1
af

;
2af − 1
af

;
1

min(2)

)}

(39)
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where B2 = [s(2)
2 (μ+ 1)]−1, and min(2) = B(2)( 2Dc

3 )a
f

+ 1.
Finally, by substituting results in (35) and (39) into (31), we

get to the Corollary 2 as follows.
Corollary 2: For a typical user, the approximate theoretical

upper bound on the conditional coverage probability, denoted
as c̃′f |in, for the femtocell tier with a Matern cluster process in
type 2 is

c̃′f |in = 2πλd

∫ ∞

0
z exp

{
− τ

P fKf
za

f

σ2 − πλdz
2 + K̃(2)

f (.)

− λ1(s
(2)
3 )2/am C(am )

− λ1π(Pm
f h

m
f K

m
f )

2
α f x

2∗α m
α f

}
dz.

(40)

VI. SOLVING DMP

Through the mathematic analysis results in Sections IV and V,
DMP can be rewritten approximately as

DMP: min λ1 subject to:

c̃m |in ≥ η1, (41)

c̃f |in ≥ η2, (42)

Pm ≥ Pf , 0 < λ1 < 1, 0 < λd < 1 (43)

where

c̃m |in = 2πλ1

∫ ∞

0
z exp

{
− τ

Pm
za

m

σ2 − πλ1z
2 + K̃f (.)

− λdπ(Pf
mK

f
m )

2
α f z

2∗α m
α f

}
dz (44)

and

c̃f |in = 2πλd

∫ ∞

0
z exp

{
− τ

P fKf
za

f

σ2 − πλdz
2

− λ1(s′3)
2/am C(am )

− λ1π(Pm
f K

m
f )

2
α f x

2∗α m
α f

}
dz.

(45)

Here we take the results in Theorems 1 and 2 as constraints
to solve DMP. The results in Corollaries 1 and 2 can be adopted
in a similar way based on different application requirement.

Unfortunately, the above problem is intractable because there
is no closed-form expression of (44) and (45). To address this
challenge, we propose to approximate (44) and (45) using linear
constraints. Specifically, we consider a linear expression φλ2

1 +
ψλ1 + ω to replace the integration term in (44) and (45), where
φ,ψ, andω are parameters needed to be determined according to
numerical values of (31). By using the fitting function provided
by MATLAB, we can easily get φ, ψ, and ω.

For this purpose, we approximate the integral part with nu-
merical fitting. The corresponding constraints can be rewritten
as

c̃m |in = −4.38λ2
1 + 2.78λ1 + 0.4 (46)

c̃f |in = 4.34λ2
1 − 2.87λ1 + 0.68 (47)

TABLE I
ERROR BETWEEN TWO EQUATIONS (44) AND (46)

1 2 3 4 5 6 7

error −0.03 0.005 0.019 0.02 0.015 0.007 −0.001
8 9 10 11 12 13 14

error −0.008 −0.013 −0.014 −0.012 0.006 0.004 0.018

when Pm = 40 dBm, Pf = 33 dBm, am = 3, af = 3, λd =
10

π (500 m)2 , λc = 20
π (5 km)2 , and τ = 5.

Errors between two equations (44) and (46) are shown in Ta-
ble I, which represents the acceptable accuracy of approximate
expression by using numerical fitting. The original problem can
be approximated by a problem with linear constraints (46) and
(47), which can be easily solved by using existing mathematical
tools, such as CPLEX. Similar sutdy has been done between
(45) and (47) with similar small errors.

VII. EVALUATION

We used MATLAB to perform a numerical evaluation of the
accuracy of our analysis and performance of the optimization.

A. Accuracy of the Coverage Probability Study

To determine the accuracy of our analysis, we performed
the following evaluations. First, to evaluate the accuracy of the
conditional coverage probability (Theorem 1), we compared
our results to those of a simulated network environment, in
which were deployed DBSs in macrocell tier following a homo-
geneous PPP distribution and femtocell BSs following a PCP
distribution; the area was a square of side length 10 km. An
image of the simulation can be seen in Fig. 5, where trian-
gles indicate the macrocell DBSs, blue dots indicate the fem-
tocell BSs, and yellow crosses indicate the centers of the clus-
ters. The densities were preliminarily set as follows: macrocell
DBSs, λ1 = 3

π (5 km)2 ; clusters, λc = 20
π (5 km)2 ; femtocell BSs,

λd = 10
π (500 m)2 ; and Km = 100Kf to indicate influence from

obstacles in refuge.
We randomly selected a user in a cluster, measured the cor-

responding SINR, and calculated the coverage probability. This
was a Monte Carlo simulation, and the results were used to
evaluate the accuracy of our analysis.

More specifically, in the simulation, femtocell BSs were gen-
erated following PCP distribution 1000 times based on the
definition of Matern cluster process [10], [40] as described in
Section III-A. In each generation, a user within a cluster was
randomly selected, and then association relation was judged
based on the received power from macrocell and femtocell
BSs. After that, SNIR value was measured based on the dis-
tance between the user and the associated BS. Finally, whether
the user can receive an acceptable communication service was
estimated based on SNIR. After 1000 times generations, the
conditional association/coverage possibilities were measured
and seen as a criterion to evaluate the analysis results in this
study.
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Fig. 5. Simulation environment.

Meanwhile, a lot of tests have been done to find the confidence
interval in Monte Carlo simulation, and finally a smooth and
stable result could be reached at 1000.

Fig. 6(a) shows the evaluation results for various levels of
power (Pm ) in the macrocell DBSs, and for various settings of
the interference threshold τ . The values of C in

Analysis indicated
by open circles are the results based on Theorem 1, and the
lines indicate the results based on the Monte Carlo simulation.
Symbols and lines are used similarly in Fig. 6.

From Fig. 6(a), we can see that the analysis is acceptably ac-
curate, since the results match those of the simulation for various
values of Pm and τ . However, we have observed the following:
1) the coverage probability of the macrocells is not low, even
when the user is inside of a cluster of femtocell BSs and 2) the
coverage probability may decrease when the macrocell DBSs
have a lower power output Pm . In such a situation, deploy-
ment of femtocell BSs to shelters can be expected to increase
communication services.

We have evaluated the accuracy of Lemma 1, the conditional
association probability, for a user within a cluster of femtocell
BSs. Fig. 6(b) shows the accuracy of our analysis. We have
observed the following two phenomena: 1) with the setting
parameters in the simulation, the conditional association
probability is rather high; and 2) the conditional association
probability does not appear to be affected by the communication
threshold τ .

B. Performance Evaluation

In this section, we evaluate our estimate of the coverage prob-
ability. We consider the following two scenarios, in which small-
cell BSs are used to enhance communication.

1) Scenario 1 (S1): The macrocell DBSs work well with
enough power (e.g., Pm = 50 dBm). In this case, the
communication resources will be insufficient at locations
where there are crowds of people, especially when users
are transferring videos, e.g., at refuges. We assume that

low power femtocell BSs (i.e., Pf = 23 dBm) are de-
ployed around the location in order to enhance communi-
cation.

2) Scenario 2 (S2): The macrocell DBSs work with shortage
power, e.g., the transmission power may be as low as 10 W
(Pm = 40 dBm). To enhance communication, more pow-
erful (2 W) femtocell BSs are deployed (Pf = 33 dBm)
in refuges.

As in Section VII-A, we used a Monte Carlo simulation to
evaluate the accuracy with various density of femtocell and
macrocell DBSs.

First, we evaluated the performance of the conditional cover-
age probability for various density of femtocell BSs, i.e., λd .

Fig. 6(c) shows the evaluation results for various values of the
density (λd ) of the femtocell BSs for both scenarios S1 and S2.
From Fig. 6(c), we can see that the analysis results match those
of the simulation. We observe the following: 1) the coverage
probability decreases with an increased density of the femtocell
BSs; and 2) the performance of the macrocell DBSs is poor
when the density of the femtocell BSs is too large.

Therefore, as with the results in Fig. 6(c), we clearly see the
importance of the femtocell BSs in the disaster scenario, since
otherwise, the conditional coverage probability is rather poor.
Furthermore, we note that when the density of the femtocell
BSs is increased, their importance to scenario S1 becomes clear,
since the conditional coverage probability becomes poor.

We further evaluated the performance of the conditional
coverage probability for various density of macrocell λ1,
respectively.

Fig. 6(d) shows the results for various macrocell densities,
for both scenarios S1 and S2. In Fig. 6(d), we can see that, for
various values of the macrocell density, our results match those
of the simulation. We observe the following: 1) the coverage
probability increases with the increased density of the macro-
cell DBSs; and 2) considering the wide deployment of macrocell
DBSs (fewer than four macrocell DBSs in a 5 km square area),
the performance is rather poor, and it does not provide suffi-
cient communication services in a disaster scenario. Therefore,
understanding minimal required number of macrocell DBSs is
rather important, as studied in Section III-C.

Meanwhile, we have evaluated the cases with different value
of pass loss factorsKm andKf . In Fig. 6,Km is set as 100 times
of Kf to indicate the attenuation from obstacles in a refuge.
Here, Km is further set equal to Kf , to simulate a wide open
space environment. The result is shown in Fig. 7. Comparing
with Fig. 6(a), the conditional coverage probability in Fig. 7
becomes smaller when there is no obstacle attenuation, due to
the stronger interference from femtocell BSs in a wide open
space environment.

C. Optimization Evaluation

And finally we evaluated the optimization result of DMP
studied in Section VI and the results are shown in Fig. 8.

Three cases were studied in the evaluation, i.e., case 1:
Cm > 0.55,Cf > 0.2, case 2:Cm > 0.35,Cf > 0.35, and case
3: Cm > 0.2, Cf > 0.55. In each case, the density of macrocell
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Fig. 6. Simulation results. (a) Coverage probability evaluation with settings τ from 0 to 30 dB, λ1 = 3
π (5km)2 , λd = 10

π (500m)2 , and λc = 20
π (5km)2 . (b) Associate

probability evaluation with settings τ from 0 to 30 dB, λ1 = 3
π (5km)2 , λd = 10

π (500m)2 , and λc = 20
π (5 km)2 . (c) Coverage probability evaluation with settings λd

from 10
π (500 m)2 to 100

π (500 m)2 , τ = 5, λ1 = 3
π (5 km)2 , and λc = 20

π (5 km)2 . (d) Coverage probability evaluation with settings λ1 from 3
π (5 km)2 to 30

π (5 km)2 , τ = 5,

λd = 10
π (500 m)2 , and λc = 20

π (5 km)2 .

Fig. 7. Evaluation result of Theorem 1, with settings τ from 0 to 20 dB,
λ1 = 3

π (5 km)2 , λd = 10
π (500 m)2 , λc = 20

π (5 km)2 , and Kf = Km .

was increased gradually, and when Cm and Cf were both sat-
isfied, the corresponding density was recorded. For a specific
value of macrocell density, Monte Carlo simulation was also
adopted to calculate conditional coverage probability. Similar
to Section VII-A, femtocell and macrocell BSs were generated

Fig. 8. Optimization results.

1000 times, and a user in cluster was randomly, and finally con-
ditional coverage probabilities were calculated. For each case,
we performed the above processes for 20 times, and the average
value of macrocell density were used to be criterions, which are
marked as red cross in Fig. 8, to evaluate the results from this
study, marked as blue circle in Fig. 8. From the evaluation results
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we can find the proposed method works well to final minimal
density of macrocell BS, while guaranteeing the constraints.

VIII. CONCLUSION

In this paper, we analyzed the conditional association proba-
bility and the conditional coverage probability, for a small-cell
communication network distributed according to a PCP and
for a user remaining within a cluster. We defined an optimiza-
tion problem to minimize the density of macrocell DBSs, while
keeping acceptable coverage probability. We gave a clear def-
inition of the probability and presented a detailed mathematic
derivation, and solved the optimization problem. In addition,
we evaluated our analysis by comparing our results to those
of a Monte Carlo simulation of realistic scenarios. We evalu-
ated the accuracy of our results. By performing this study, we
determined that the deployment of femtocell BSs is useful for
improving communications for crowds of people. We also deter-
mined that understanding minimal number of macrocell DBSs
is rather important to keep QoE through the simulation. Finally,
we determined and evaluated the minimal number of macrocell
DBSs. In the future, we will study how to efficiently balance the
communication resources of the two tiers.

APPENDIX A
PROOF OF LEMMA 1

In this section, we present the detailed derivation of Am |in.

Am |in = P
[
uk

as.= m|uk ∈ C
]

= P
[
Pm
k > Pf

k |uk ∈ C
]

(a)
= P

[
Rm < (Pm

f K
m
f )

1
α m (Rf )

α f

α m |Rf ≤ D0

]

(b)
=
∫ D0

0
(1 − exp

{
−πλ1(Pm

f K
m
f )

1
α m r

2α f

α m

}
∗ fRf

(r)dr

(48)

where Rm and Rf represent the distance from the nearest BS
in macrocell and femtocell tiers, respectively. am and af are
pass loss factors for macrocell and femtocell denoted in Section
III-B. D0 is the maximum range of Rf and it is calculated as
follows in step (b).

First, the number of femtocell BSs in a cluster, denoted as n,
can be calculated as πD2

cλd , since the density is λd , and the ra-
dius of the cluster is denoted asDc . And we denote the coverage
area of a femtocell BS as A0, where A0 = πD2

0.
Then, the total area of the cluster, denoted as A, can be cal-

culated as follows:

A = πD2
c

(c)≈ n ∗A0 = πD2
cλd ∗ πD2

0
(49)

where Step (c) is based on the uniform distribution of femtocell
BSs in a cluster.

By solving (49), we obtain the following:

D0 =
(

1
πλd

) 1
2

. (50)

In step (a), P [Rm < (Pm
f K

m
f )

1
α m (Rf )

α f

α m ] can be solved
using the distance function for a homogeneous PPP [41]

P [R ≤ r] = 1 − exp{−πλr2}. (51)

fRf
(r) can also be calculated by using the same distance

function [41]

fRf
(r) =

d

dr
P [rf ≤ r] = exp(−πλdr

2)2πλdr. (52)

Finally, we obtain

Am |in = 2πλd

∫ D0

0
r exp(−πλdr

2)

∗ (1 − exp
{
−πλ1(Pm

f K
m
f )

1
α m r

2α f

α m

}
dr.

The above calculation of D0 is based on an assumption that
each femtocell in one cluster does not overlap with other cells in
the same cluster. Otherwise, the total areas covered by femtocell
BSs will be larger than A as follows:

A = πD2
c

(c ′)
≤ n ∗A0 = πD2

cλd ∗ πD2
0.

(53)

The above problem can be solved if the overlapped area can
be detected, denoted as Ae , as follows, with an assumption that
there is only the case that two femtocell BSs are overlapped:

πD2
c +Ae = πD2

cλd ∗ πD2
0. (54)

APPENDIX B
PROOF OF LEMMA 2

The derivation for Af |in is similar to the process in
Appendix A, as follows:

Af |in = P
[
uk

as.= f |uk ∈ C
]

= P
[
Rm > (Pm

f K
m
f )

1
α m (Rf )

α f

α m |Rf ≤ D0

]

=
∫ D0

0
exp
{
−πλ1(Pm

f K
m
f )

1
α m r

2α f

α m

}
∗ fRf

(r)dr.

(55)

And finally, we have

Af |in = 2πλd

∫ D0

0
r exp(−πλdr

2)

∗ exp
{
−πλ1(Pm

f K
m
f )

1
α m r

2α f

α m

}
dr. (56)

APPENDIX C
PROOF OF LEMMA 3

In this section, we present the detailed derivation of the PDF
fXm |in(x). We consider a scenario such that the typical user is



6548 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 66, NO. 7, JULY 2017

associated with the macrocell layer:

FXm |in(x) = P [Xm > x|uk ∈ C]

= P [Rm ≤ x|k as.= m,uk ∈ C]

(d)
=

P [Rm ≤ x, k
as.= m|uk ∈ C]

Am |in
. (57)

Step (d) is based on Bayes’ theorem. For simplicity, we use the
following notation: Pm |in(x) = P [Rm ≤ x, k

as.= m|uk ∈ C].

Pm |in(x) = P
[
Rm ≤ x, Pm

k > Pfi
k |uk ∈ C

]

∗ fRm |uk ∈C (r)dr

(e)
= 2πλ1

∫ x

0
(exp

{
− λdπ(Pf

mK
f
m )

2
α f r

2∗α m
α f }

− πλ1r
2

}
rdr. (58)

Step (e) is based on the distance function in (51), which is
similar to Step (b) in the proof of Lemma 1, and fRm |uk ∈C (r) =
exp(−πλ1r

2)2πλ1r.
Thus, we have

fXm |in(x)=
dFXm |in(x)

dx

=
2πλ1

Am |in
∗ exp

{
−λdπ(Pf

mK
f
m )

2
α f x

2∗α m
α f −πλ1x

2
}
x.

(59)

APPENDIX D
PROOF OF LEMMA 4

Derivation of the PDF fXf |in(x) is quite similar to the process
in Appendix C.

Similar to ( 57)

FXf |in(x) =
P [Rf ≤ x, k

as.= f |uk ∈ C]
Af |in

. (60)

Finally, we get the result as follows:

fXf |in(x)=
dFXf |in(x)

dx

=
2πλd

Af |in
∗ exp

{
−λ1π(Pm

f K
m
f )

2
α m x

2∗α f
α m − πλdx

2

}
x.

(61)

APPENDIX E
PROOF OF THEOREM 1

Here we present the detailed deviation to achieve Theorem 1.
First since the interference is from the entire planet, we assume
that LI f(k , f )

( za
m
τ

Km P m )uk ∈C ≈ LI f(k , f )
( za

m
τ

Km P m ).
Then, we take the following procedures in the deviation.
Procedure 1: Expanding LIm(k , f )

( za
m
τ

Km P m )uk ∈C based on in-
terference expression in (18).

Since the interference Im(k,f ) depends on the position of the
femtocell BSs in Θf and the parameter hf , we have

LIm(k , f )

(
za

m
τ

KmPm

)

= Ehf ,Θf

[
exp

(
−
za

m
τIm(k,f )

KmPm

)]

= Ehf ,Θf

⎡

⎣exp

⎛

⎝− za
m
τ

KmPm

∑

l∈Θf

P f hfklKf d
−af
kl

⎞

⎠

⎤

⎦

(f )
= EΘf

⎡

⎣
∏

i∈Θf

1

1 + s2(dkl)−a
f

⎤

⎦ (62)

where s2 = τza
m
P f
m

Kf

Km
.

Step (f) follows from the moment-generating function [38] of
an exponentially distributed random variable hf , as follows:

Eh [e−sR ] =
1

1 + sR
(63)

Procedure 2: Representing the distribution of femtocell BSs
based on probability-generating function for PCP.

Since Θf follows a Matern cluster process, its probability-
generating function can be described as shown in (64) through
[10], [40]. We note that a probability-generating function is a
useful tool for dealing with discrete random variables, since
it transforms a sum into a product, and thus enables it to be
handled more easily.

GN (v(x))

= E

[
∏

v(x)

]

= exp

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

−λc

∫

R2

⎡

⎢⎢⎢⎣1 −Gs

⎛

⎜⎜⎜⎝

fx y︷ ︸︸ ︷∫

R2
v(x+ y)f(y)dy

⎞

⎟⎟⎟⎠

⎤

⎥⎥⎥⎦ dx

︸ ︷︷ ︸
Kf (.)

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

(64)

whereGs(fxy) = exp(−μ(1 − fxy)) and μ is the mean number
of daughter points in each cluster.

Procedure 3: Integrating the results in Procedures 1 and 2.
By comparing (62) and (64), it is clear that, in this case,

v(x) in the probability-generating function should be equal to
1

1+s2(dkl)−a
f .

Then the interference from the femtocell, as shown in
(62), can be calculated by substituting 1

1+s2(dk l )−a
f into (64)
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as follows:

fxy =
∫

R2
v(x+ y)f(y)dy

=
∫

R2

1

1 + s2||x+ y||−af f(y)dy (65)

where the distance between the user and the femtocell BS l,
i.e., dk l in (62), is ||x+ y||, as shown in Section III-B, x is the
location of the center of the cluster, and y is the location of the
femtocell taking x as the origin.

Substituting the result of (65) to (64), and solving the integral
in (64) can get the final result of LIm(k , f )

( za
m
τ

Km P m ).
Then, we present the detailed mathematic manipulations in

Procedure 4 as follows.
Procedure 4: Mathematic manipulations to solve (65)

and (64)
First, the result of fxy is shown below, and the mathematical

details of Step (g) can be found in Appendix F.

fxy

(g)
≤ 1

1 + s2
([

2Dc

3 + x
])−af (66)

Furthermore, based on the relation exp(−δx) ≤ 1
1+δx , (64)

can be further simplified as follows:

GN (v(x)) = exp
(
−λc

∫

R2
{1 − exp[−μ(1 − fxy)]} dx

)

≤ exp
{
−λc

∫

R2

[
1 − 1

1 + μ(1 − fxy)

]
dx

}

= exp

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩
−λc

∫

R2

[
μ(1 − fxy)

1 + μ(1 − fxy)

]
dx

︸ ︷︷ ︸
Kf (.)

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭
. (67)

By substituting the results for fxy in (66) into Kf (.) of (67),
we obtain Kf (.) as follows:

Kf (.) ≤ K̃f (.)

(h)
= −μ ∗ λc ∗ 2π

μ+ 1

{∫ ∞

2D c
3

t

Btaf + 1
dt−

∫ ∞

2D c
3

2Dc

3

Btaf + 1
dt

}

= −μ ∗ λc ∗ 2π
(μ+ 1)

∗
{

1

B
2
a (af − 2) ∗ min

a f −2
a f

∗ .2F1

(
af − 2
af

,
af − 2
af

;
2af − 2
af

;
1

min

)

−
2Dc

3

B
1
a (af − 1) ∗ min

a f −1
a f

∗ .2F1

(
af − 1
af

,
af − 1
af

;
2af − 1
af

;
1

min

)}

(68)

where B = [s2(μ+ 1)]−1, and min = B( 2Dc

3 )a
f

+ 1.

The mathematical details of Step (h) can be found in
Appendix G.

Then, we obtain an upper bound on (64) as follows:

G̃N (v(x)) = exp(K̃f (.)). (69)

Since (62) and (64) have the same form, and we substitute the
result of (62), i.e., 1

1+s2(dk l )−a
f , into (64) as a v(x), exp(K̃f (.) is

also the upper bound of (62); this is denoted as L̃I f(k , f )
( z

a m τ
P m ),

and it can be written as follows:

L̃I f(k , f )

(
za

m
τ

Pm

)
= exp(K̃f (.)). (70)

By substituting the results of (70) into (22), and integrating
the results from Lemmas 1 and 3 into (20), we reach an upper
bound of conditional coverage probability, denoted as c̃m |in in
Theorem 1 as follows:

c̃m |in = Am |in ∗
∫

R2
P̃ [SINR(z) > τ |uk ∈ C]fXm |in(z)dz

= 2πλ1

∫ ∞

0
z exp

{
− τ

PmKm
za

m

σ2 − πλ1z
2 + K̃f (.)

− λdπ(Pf
mK

f
m )

2
α f x

2∗α m
α f

}
dz. (71)

Meanwhile, through (62), the theoretical value of Laplace
transform has been considered as studied in related works [18].
We call the final result as approximate theoretical upper bound
in this study, even it is close to the actual value due to the
following considerations: 1) the value from the long-distance
femtocell BSs will be very small, since it is proportional to
d−a

f
, and 2) we consider all femtocell BSs are staying in a

working status, based on huge communication requirements.

APPENDIX F
CALCULATING fxy

In this section, we present the mathematical details of calcu-
lating fxy . Based on (65), we have

fxy =
∫

R2
v(x+ y)f(y)dy

=
∫

R2

1

1 + s2||x+ y||−af f(y)dy (72)

where f(y) is the density function of the points in the cluster.
Since for the Matern cluster process each point is uniformly
distributed in a ball of radius Dc around the origin, the density
function f(y) is given by

f(y) =

{
1

πD 2
c
, ||y|| � Dc

0, otherwise.
(73)
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Thus

fxy =
∫

R2

1

1 + s2||x+ y||−af
1

πD2
c

dy

= Ey

[
1

1 + s2(||x+ y||)−af
]

(i)
≤ 1

1 + s2(Ey [||x+ y||])−af (74)

where x is a parent point, y is a daughter point, and z is the
location of the user. Step (i) is based on Jensen’s inequality.
Therefore

Ey [||x+ y||]y≤Dc
= 2π

∫ Dc

0
(x+ y)y

1
πD2

c

dy

=
[

2Dc

3
+ x

]
. (75)

Finally, we obtain the following result:

fxy ≤ 1

1 + s2
([

2Dc

3 + x
])−af . (76)

APPENDIX G
SOLVING K̃f (.)

In this section, we present the mathematical details for calcu-
lating K̃f (.), as defined in (68)

K̃f (.)=−μ ∗ λc ∗ 2π
μ+1

∫ ∞

2D c
3

[
t− 2Dc

3

[s2(μ+1)μ−af ]−1taf +1

]
dt

(j )
= −μ ∗ λc ∗ 2π

μ+1

{∫ ∞

2D c
3

t

Btaf+1
dt −

∫ ∞

2D c
3

2Dc

3

Btaf+1
dt

}
.

(77)

In Step (j), B = [s2(μ+ 1)μ−af ]−1.
We let Bta

f
+ 1 = v, and obtain the following:

∫ ∞

2D c
3

t

Btaf + 1
dt =

(−1)
2−a f
a f

af B
2
a

∫ ∞

B ( 2D c
3 )a f +1

v−1(1 − v)
2−a f
a f dv.

(78)
For simplicity, we let min = B( 2Dc

3 )a
f

+ 1.
Furthermore, based on [42], (78) can be written as a hyper-

geometric function, as follows:

∫ ∞

2D c
3

t

Btaf +1
dt =

1

B
2
a (af−2) ∗ min

a f −2
a f

∗ .2F1

(
af−2
af

,
af−2
af

;
2 ∗ af−2

af
;

1
min

)
.

(79)

Similarly,
∫∞

2D c
3

2D c
3

Bta
f +1

dt can be written as follows:

∫ ∞

2D c
3

2Dc

3

Btaf +1
dt =

2Dc

3

B
1
a (af−1) ∗ min

a f −1
a f

∗ .2F1

(
af−1
af

,
af−1
af

;
2 ∗ af−1

af
;

1
min

)
.

(80)

Finally, we reach K̃f (.) as follows:

K̃f (.) = −μ ∗ λc ∗ 2π
μ + 1

{∫ ∞

2D c
3

t

Bta
f + 1

dt−
∫ ∞

2D c
3

2Dc
3

Bta
f + 1

dt

}

= −μ ∗ λc ∗ 2π
(μ + 1)

∗
⎧
⎨

⎩
1

B
2
a (af − 2) ∗ min

a f −2
a f

∗ .2F1

(
af − 2
af

,
af − 2
af

;
2af − 2
af

;
1

min

)

−
2Dc

3

B
1
a (af − 1) ∗ min

a f −1
a f

× .2F1

(
af −1
af

,
af −1
af

;
2af −1
af

;
1

min

)}
.

(81)
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