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Abstract

Decentralized stochastic bi-level optimization
has been actively studied in recent years. How-
ever, existing studies assume that the lower-
level loss function is strongly convex, which lim-
its their applicability to many machine learning
models. To address this limitation, in this pa-
per, we propose a novel decentralized stochas-
tic first-order optimization algorithm, which does
not require second-order Hessian or Jacobian
matrices, for the setting where the lower-level
loss function is nonconvex but satisfies the
Polyak-t.ojasiewicz (PL) condition. Addition-
ally, unlike existing single-agent methods that in-
troduce a regularization term to the lower-level
loss function to artificially enforce strong con-
vexity, our algorithm does not require such mod-
ification. Moreover, our algorithm employs a
constant single-timescale learning rate for up-
dating variables, which is different from the
time-dependent and two-timescale learning rate
schedules used in prior work. To establish the
convergence rate, we develop a new convergence
analysis framework for the pure PL condition,
rather than relying on the artificial strong convex-
ity introduced through regularization in existing
single-agent methods. To the best of our knowl-
edge, this is the first algorithm for nonconvex de-
centralized bi-level optimization that offers the-
oretical convergence guarantees under mild con-
ditions. Finally, our extensive experimental re-
sults on hyperparameter optimization and model
pruning applications validate the efficacy of the
proposed algorithm.
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1. Introduction

This paper focuses on the decentralized stochastic bi-level
optimization problem, which is defined as follows:
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where fF)(z,y) = E[f®)(z,y;¢6")] is the upper-
level loss function on the k-th worker, g(®)(z,y) =
E[g*) (z,y; ¢¥))] is the lower-level loss function on the -
th worker, £(*) and ¢(®) denote data distributions on the k-
th worker, and all workers {1,2,--- , K'} conduct peer-to-
peer communication within a communication graph. Un-
like existing decentralized stochastic bi-level optimization
(Chen et al., 2025b; Yang et al., 2022; Gao et al., 2023;
Chen et al., 2023), where the lower-level loss function is
strongly convex in y, this paper assumes that it is non-
convex but satisfies the PL condition in y.

Decentralized stochastic bi-level optimization has recently
gained tremendous attention because it covers a wide range
of machine learning models, such as meta learning (Finn
et al., 2017), hyperparameter optimization (Franceschi
et al., 2018), neural architecture search (Liu et al., 2019).
To address the challenges in estimating the hypergradient
in the decentralized setting, a series of algorithms (Chen
et al., 2025b; Yang et al., 2022; Gao et al., 2023; Chen
et al., 2023; Dong et al., 2025; Zhang et al., 2026b; Kong
etal., 2025; Zhu et al., 2024) have been developed. In terms
of the strategy for estimating the Hessian-inverse-vector
product, these methods can be categorized into the double-
loop algorithm (Chen et al., 2025b; Yang et al., 2022; Gao
et al., 2023; Chen et al., 2023) and the single-loop algo-
rithm (Zhang et al., 2026b; Dong et al., 2025; Kong et al.,
2025; Zhu et al., 2024). However, these algorithms fo-
cus on the setting in which the lower-level loss function
is strongly convex in y. Recently, (Qin et al., 2025) takes a
step further by studying decentralized bi-level optimization
with a convex lower-level loss function. Since the strong
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convexity and the regular convexity are typically not sat-
isfied in practical applications, these algorithms cannot be
applied to practical machine learning models.

To handle the case that goes beyond the strong convex-
ity, some efforts (Shen & Chen, 2023; Chen et al., 2024;
Xiao et al., 2023; Liu et al., 2024; Kwon et al., 2024b) have
been made to solve the bi-level optimization problem with
a non-convex lower-level loss function in the single-agent
setting. In particular, since nonconvexity could result in the
noncontinuity of Y* (), which makes it intractable to com-
pute the hypergradient, a couple of studies investigate fur-
ther assumptions to make it tractable. For example, (Shen
& Chen, 2023) studied the PL condition and introduced the
penalty method to handle the nonconvex lower-level loss
function, where the convergence rate was established for
the full gradient descent algorithm. (Kwon et al., 2024b)
also studied the PL condition but focused on the stochastic
and constrained settings, whose convergence rate is then
refined by (Chen et al., 2024) for stochastic unconstrained
bi-level problems.

It can be seen that the PL condition of the lower-level
loss function plays an important role in guaranteeing the
tractability of nonconvex bi-level optimization problems.
Moreover, the PL condition is easy to be satisfied by many
machine learning models, such as the overparameterized
neural networks (Liu et al., 2022a). Therefore, the goal
of this paper is to develop a decentralized algorithm for
bi-level optimization problems where the lower-level loss
function satisfies only the PL condition, rather than strong
convexity, and to investigate its theoretical convergence
rate. Specifically, we aim to develop an efficient decentral-
ized stochastic bi-level gradient descent algorithm based
on the penalty framework (Kwon et al., 2024b; Shen &
Chen, 2023), which relies solely on first-order gradients
rather than computationally inefficient second-order Hes-
sian or Jacobian matrices. However, developing a decen-
tralized Hessian-/Jacobian-free (i.e., first-order) algorithm
for Eq. (1), where the lower-level loss function satisfies the
PL condition, presents unique challenges as follows.

Challenges in algorithm design: It remains unclear
whether a decentralized stochastic Hessian-/Jacobian-
free algorithm without additional operations can be
achieved. In the single-agent setting, (Shen & Chen,
2023) developed a double-loop first-order algorithm that
uses a deterministic gradient, which is infeasible for large-
scale machine learning models. (Kwon et al., 2024b)
showed that a double-loop algorithm is required to ensure
convergence when using first-order stochastic gradients,
and subsequently proposed a single-loop first-order algo-
rithm based on variance-reduced gradients. However, both
stochastic algorithms in (Kwon et al., 2024b) introduce ad-
ditional computational steps. Specifically, (Kwon et al.,

2024b) added a regularization term to the lower-level op-
timization problem to make it strongly convex. As a result,
the algorithm introduces additional variables along with
their associated updates, increasing computational over-
head. This leads to a natural question: Is it possible to
design a single-loop decentralized stochastic first-order al-
gorithm for Eq. (1) without imposing artificial strong con-
vexity?

Challenges in convergence analysis: It remains unclear
how to establish the convergence rate for a single-loop
decentralized stochastic first-order algorithm when
only the pure PL condition is satisfied. As mentioned
earlier, in the single-agent setting, (Kwon et al., 2024b)
enforced artificial strong convexity on the lower-level loss
function via a regularization term. As a result, their conver-
gence analysis for the lower-level optimization problem re-
lies on techniques developed for strongly convex optimiza-
tion (see the proof of its Lemma C.1). Although (Chen
et al., 2024) established a convergence rate under the pure
PL condition, it focuses only on the double-loop algorithm.
Thus, it remains unclear whether the single-loop stochastic
first-order algorithm can converge under the pure PL con-
dition. Moreover, the decentralized setting introduces ad-
ditional challenges, such as non-zero consensus error and
larger gradient estimation error. This raises another natural
question: Is it possible to establish the convergence rate of
a single-loop decentralized stochastic first-order algorithm
without enforcing artificial strong convexity?

To address these challenges, we develop a novel
single-loop decentralized Hessian-/Jacobian-free algo-
rithm based on fully first-order stochastic gradients for
solving Eq. (1). Specifically, we convert the decentralized
stochastic bi-level optimization problem in Eq. (1) into a
single-level minimax problem based on the penalty frame-
work, and then develop a decentralized stochastic variance-
reduced gradient descent ascent algorithm to solve it.
Moreover, we establish the convergence rate of our algo-
rithm based on the pure PL condition. More specifically,
we have made the following contributions in algorithm de-
sign and theoretical analysis.

Contributions in algorithm design. Firstly, unlike the ex-
isting single-agent method (Kwon et al., 2024b), our algo-
rithm does not introduce a regularization term to enforce
artificial strong convexity. As a result, it reduces com-
putational overhead by avoiding the update of additional
variables. Secondly, (Kwon et al., 2024b) employs a time-
dependent learning rate and a two-timescale schedule for
different variables, which is difficult to tune in practice and
may leak training stage information to malicious workers
in the decentralized setting. In contrast, our algorithm uses
a single-timescale constant learning rate for all variables,
while still guaranteeing convergence.
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Contributions in convergence analysis. Unlike the exist-
ing single-agent method (Kwon et al., 2024b), which intro-
duces a regularization term to strengthen the PL condition
into strong convexity and then applies techniques devel-
oped for strongly convex optimization to establish conver-
gence, we propose a new convergence analysis framework
that relies purely on the PL condition. Specifically, we in-
troduce a novel approach to quantify how close the current
iterate of the lower-level variable is to its optimal value at
the t-th iteration. Based on this new metric, we construct
a novel potential function to derive the convergence rate
of our algorithm. Our analysis shows that the proposed

1—X)2ed
where & is the condition number and 1 — X represents the
spectral gap.

. . 9
algorithm achieves a convergence rate of O (1{(K7> s

To the best of our knowledge, this is the first decentral-
ized stochastic first-order algorithm that provides rigorous
convergence guarantees without imposing artificial strong
convexity. Finally, we conduct extensive experiments on
hyperparameter optimization and model pruning tasks, and
the results validate the effectiveness of our algorithm.

2. Related Work
2.1. Centralized Stochastic Bi-level Optimization

Stochastic bi-level optimization has gained tremendous at-
tention in recent years because it covers various machine
learning models, such as meta learning (Finn et al., 2017),
hyperparameter optimization (Franceschi et al., 2018), neu-
ral architecture search (Liu et al., 2019). The main dif-
ficulty in solving stochastic bi-level optimization prob-
lems lies in estimating the hypergradient of the upper-
level loss function. When the lower-level loss function
is strongly convex, its optimal solution Y*(z) is single-
ton, and then the hypergradient is well defined. Various
algorithms (Ghadimi & Wang, 2018; Ji et al., 2021; Chen
etal., 2021; Hong et al., 2023; Guo et al., 2025; Yang et al.,
2021; Khanduri et al., 2021b; Dagréou et al., 2022; 2024;
Li et al., 2022) have been developed recently for this prob-
lem class. For instance, (Ghadimi & Wang, 2018) uses
the Neumann series expansion approach to approximately
compute Hessian-inverse-vector product for estimating hy-
pergradient, which is a double-loop algorithm. Inspired
by this, (Ji et al.,, 2021; Chen et al., 2021; Hong et al.,
2023; Yang et al., 2021; Khanduri et al., 2021b) developed
faster algorithms based on different techniques, such as the
mini-batch gradient and variance-reduced gradient. On the
other hand, (Dagréou et al., 2022; 2024; Li et al., 2022) de-
veloped the single-loop algorithm for nonconvex-strongly-
convex bi-level problems. However, they all need to com-
pute second-order Hessian and Jacobian matrices, which is
computationally expensive for practical machine learning

models. To address this issue, (Kwon et al., 2023; Shen
& Chen, 2023; Liu et al., 2024; Lu & Mei, 2024) devel-
oped the fully first-order algorithm, which converts the bi-
level optimization problem into a minimax problem with
the penalty framework. This method is then extensively
studied in (Kwon et al., 2024b; Chen et al., 2024; 2025a;
Kwon et al., 2024a; Lu & Mei, 2026; Zeng et al., 2026).
Moreover, there are some other studies (Jiang et al., 2023;
Sow et al., 2022; Liu et al., 2021; 2023a; 2024) for the
lower-level loss function without strong convexity. How-
ever, they either focus on the deterministic gradient or re-
quire second-order Hessian or Jacobian matrices.

2.2. Decentralized Stochastic Bi-level Optimization

To optimize bi-level optimization problems in the dis-
tributed setting to train machine learning models on dis-
tributed data, a series of decentralized stochastic bi-level
optimization algorithms (Chen et al., 2025b; Yang et al.,
2022; Gao et al., 2023; Chen et al., 2023; Dong et al.,
2025; Zhang et al., 2026b; Kong et al., 2025; Zhu et al.,
2024; Liu et al., 2022b; Lu et al., 2022; Liu et al., 2023b;
Niu et al., 2025), federated learning algorithms (Gao, 2022;
Tarzanagh et al., 2022; Li et al., 2023; Zhang et al., 2025;
Yang et al., 2025), and distributed algorithms for the spe-
cial compositional optimization problem (Gao & Huang,
2021; Gao et al., 2022; Gao, 2024a;b; Zhang et al., 2023;
2024; Gao et al., 2024) have been developed. For example,
(Chen et al., 2025b) proposed to compute and communi-
cate the Jacobian-Hessian-inverse product in an inner loop,
while (Chen et al., 2023) handled the Hessian-inverse-
vector product in the inner loop. (Gao et al., 2023; Yang
et al., 2022) used the Neumann series expansion approach
to approximately compute Hessian-inverse-vector product
in the inner loop. (Zhang et al., 2026b; Dong et al., 2025;
Kong et al., 2025; Zhu et al., 2024) developed the single-
loop algorithm, where the Hessian-inverse-vector product
is approximated by an additional gradient descent proce-
dure. However, all these methods require the computation
of second-order Jacobian and Hessian matrices, leading to
high computational and communication costs. To address
this issue, (Wang et al., 2025) recently developed a fully
first-order method based on (Kwon et al., 2023), which
avoids computing second-order Hessian and Jacobian ma-
trices. However, all these existing decentralized stochas-
tic bi-level optimization algorithms focus on strongly con-
vex lower-level loss functions. Only a recent work (Zhang
etal., 2026a) studies the decentralized bi-level optimization
with nonconvex lower-level loss functions. However, it fo-
cuses on the heavy-tailed noise setting, where a normalized
gradient estimator is used to update variables. Such a gra-
dient estimator requires a small learning rate to accommo-
date the heavy-tailed noise, which is unnecessary for the
finite-variance setting.
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3. Algorithm Design
3.1. Problem Reformulation

Following (Shen & Chen, 2023; Kwon et al., 2024b; Chen
et al., 2024), we convert Eq. (1) into a constrained single-
level optimization problem as follows:

min - f(z,y) ,
zERdw yeRY

st g(z,y) < min g(z,z2) . (2)
z€R%y
Then, based on the penalty strategy, we further convert it
into an unconstrained problem as follows:

min max f(z,y) + 1(g(:t,y) —g(z,z)), (3)
z€Rdz yeR¥ zeR% P

where p > 0 is the penalty parameter. In terms of existing

studies (Kwon et al., 2024b; Chen et al., 2024), the refor-

mulated Eq. (3) can approximate the original bi-level opti-

mization problem in Eq. (1) as good as possible by control-

ling the penalty parameter p. Specifically, denoting

L(zx) = min f(z,y), 4
() = min f(zy) (4)
1/ . .
£y(@) = = min (pf(z.y) + g(z.y) — min g(z,2)) ,
4 yeR*Y ( ) 2€R%y
hp(z,y

the existing studies (Kwon et al., 2024b; Chen et al.,
2024) have characterized how L,(x) approximates £(x)
and the tractability of min,cgs. £,(x). More specifi-
cally, given appropriate assumptions, Lemma A.14 indi-
cates that the solution set Y’ (z) = arg min, cga, (7, y)
is Lipschitz continuous. Then, based on Lemma A.14,
Lemma A.15 demonstrates the existence of V.L,(z), which
confirms the tractability of min,cga. £,(x). Then we
can solve the reformulated Eq. (3) to find the solution of
min,cga. L,(z). Finally, based on Lemma A.16, which
characterizes how well £,(x) approximates £(x), we can
know how the solution of min,cga. £,(x) approximates
that of min, cgpa. £(x).

Based on the aforementioned reformulation, we will de-
velop a new single-loop decentralized optimization algo-
rithm to solve the following problem:

min max L,(x,y, 2) (5)
z€Rz ycR% zcR%

K
& 23 (M@ + 56w - ®2)
k=1

where p > 0 is the penalty parameter, which will be deter-
mined in our convergence analysis. Note that, even though
Eq. (5) is a decentralized minimax optimization problem,
the existing convergence analysis for standard minimax op-
timization cannot be directly applied to Eq. (5) due to the

existence of the penalty parameter p, which can signifi-
cantly affect the convergence rate.

To summarize, the reformulated Eq. (5) is a reasonable ap-
proximation for Eq. (1). Therefore, we will design an effi-
cient algorithm to solve the reformulated Eq. (5) and study
study how fast the algorithm designed for Eq. (5) can find
the stationary point of the original decentralized stochastic
bi-level optimization problem in Eq. (1).

Terminology. In this paper, we use the matrix W € RE*K
to denote the communication graph composed by work-
ers {1,2,--- ,K}. Specifically, for any element w;; of
W where i € {1,--- ,K}and j € {1,---,K}, it is al-
ways non-negative. More specifically, w;; > 0 indicates
that the worker 7 and the worker j are connected. Other-
wise, they are disconnected. Moreover, we use V; to de-
note the gradient with respect to the i-th variable, where
i€{1,2},anduse @ = + Zle a®) to denote the aver-
aged variable across workers for any variable a. In addi-

tion, we denote X; = [z{", .-+ 2")] € Re=*K | where
xgk) denotes the variable x on the k-th worker at the ¢-th
iteration. Similarly, we define Y; = [y,gl), e ,yt(K)] €
REXK and Z, = [z, 2] € ROXK We fur-
ther introduce M, 1 = [mgjﬁt, ,m:(EKl)t} € RiaxK,

where mgf%’t denotes the estimator for V; f (k)(:cgk), yt(k))
on the k-th worker at the ¢-th iteration. Likewise, we

define M, »; = [milgt, ,mg;)’t} € R%=XK| where
mgf%’t denotes the estimator for Vlg(k)(xgk)7yt(k)), and
Mgyz, = [m(zl,:)s,t, T ’m:S(:I,(B)t] € R4%*X where mgﬁt de-

notes the estimator for Vlg(k) (ng), ka))

introduce My 1+ = [mélit, e 7mg(f,(1?t
1 K

My727t = [m;7%$t7 o ( )

. Similarly, we
] € R%*K and

] € R%*E where m
notes the estimator for Vs f(*) (xik), yt(k)

Y,
notes the estimator for V4g(*) (xgk), yt(k)). Finally, we de-

— [y (V) (K) dyx K (k)
fine M, 14 = [m 1 my 1] € RW*E, wherem, 7,

denotes the estimator for Vgg(k)(xgk), zt(k)). Finally, the
two-timescale learning rate indicates the ratio of the two
learning rates, 7, and 7, ;, approaches to zero or infinity,
e.g., imy_, oo 1z.¢/My.+ = 0. The single-timescale learning
rate indicates that their ratio converges to a positive con-
stant, e.g., limy o0 M.t /My = O(1).

My 2

k
%,t de-
k)

(
(0
5, de-

), and m

3.2. Our Algorithm

To solve Eq. (5), we develop a novel single-loop decentral-
ized stochastic first-order gradient descent algorithm (FO-
DSVRBGD) in Algorithm 1. The key idea is to com-
pute the STORM gradient estimator (Cutkosky & Orabona,
2019) on each worker k € {1,2,--- , K} for the determin-
istic gradient and then use it to update each variable. For

(lf) for the

example, we compute the gradient estimator m,, { ,
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Algorithm 1 Decentralized stochastic first-order gradient
descent algorithm (FO-DSVRBGD)

Imput: 7, > 0,7, > 0,7 > 0,7 > 0,7 > 0,7 >0,

p > 0. Initialization on each worker k& € {1,--- , K}:
2 = o, y5F = yo, 28 = 2,
= VO, )
k k), ~(k
m’y 0= Vig® (g’ ” 16,
mis = Vag™ (el o)
k k
m;) f(k)( ( (), ¢(0))
k k
m®) 7%9 ) (2 ( )y,
k). ~(k
miio— ( ()7<( >)7
Uzo = Mac,Os Uy,O = My,o, U,o=M.p0.
1: fort=0,.---, T —1do
2:  Update three variables:
Xt+1 =XW — anz,t s
Yipn =YW — Uy
Zt+1 == ZtW - anz,t El

3:  Compute three gradient estimators:
Mz 1 = My 1,41 + %(MZ,Q,H—l —
My 41 = My1,e41 + %M 2,t+1
Mz,t+1 = % z,1,t+1 »

4:  Perform gradient tracking:

M 3i41) »

Ugtr1 = Ut W + My g1 — Mz

Uy,t+1 = Uy,tW + M, Jt+1 — My,t s

Uspir =U, W+ M, 441 — M.y,
5: end for

deterministic V; f(¥) (:rgk), yfk)) as follows:

k k k k k
mld = (U= )],y = Vi, u6")
+ VO g, (©)
where v, > 0 is a hyperparameter, 7, > 0 is the

learning learning for updating =, and v,72 < 1. We
use the same approach and hyperparameters to com-
pute m( ) 2.+ and mg%_’t, which estimate Vlg(k)(xgk), yik))

and Vlg(’“)(argk), =), respectively. Similarly, we com-

k k
éif and m(y,%,t

@™,y ™)

pute the STORM gradient estimators m.

for the deterministic gradient Vo f(*) and

Vag®) (xik), zt(k)), respectively, using the hyperparameter
vy > 0,y > 0, and ”yyni < 1. In addition, we com-

pute the STORM gradient estimator mgkf + for the deter-

ministic gradient Vog(®) (x} (k) z,g )) with the hyperparam-

eter v, > 0,7, > 0, and ’anz < 1. With the aforemen-
tioned gradient estimators for each component, we can con-
struct the gradient estimators with respect to each variable
as described in Step 3 of Algorithm 1. Then, we apply the
gradient tracking communication strategy to communicate
gradients as shown in Step 4 of Algorithm 1. Finally, we
can update variables according to Step 2 of Algorithm 1.

3.3. Key Innovations in Algorithm 1

Compared to the existing single-agent method (Kwon et al.,
2024b), our algorithm introduces several key innovations,
as outlined below.

Firstly, (Kwon et al., 2024b) introduces a regularization
term for the optimization problem with respect to y and
z such that their loss functions are strongly convex. For ex-
ample, to update the variable z, (Kwon et al., 2024b) pro-
posed to solve the following strongly convex optimization
problem

mln g(x,z) +

1 2
—lz— 7
35z = wl®, 9

where w is an auxiliary variable, 8 > 0 is hyperparameter
such that g(z, z) + %Hz — wl|? is strongly convex with
respect to z. This approach introduces additional variables
and their associated updates, leading to increased computa-
tional overhead. In contrast, our algorithm does NOT intro-
duce such a regularization term and directly uses the gra-
dient estimator of Vag(x, 2) to update the variable z.

Secondly, (Kwon et al., 2024b) employs a time-dependent
learning rate and a two-timescale schedule for different
variables. For example, its learning rate used to update
the variable z is O(ﬁ%) Moreover, as shown in Algo-
rithm 2 and Corollary 5.5 in (Kwon et al., 2024b), the ac-
tual learning rate for updating the variable y is By =
O(3vs 7275) while that for = is O(57). It is easy to
see that lim; , ., t~%/5/t=2/5 = 0, indicating the two-
timescale learning schedule. This kind of time-dependent
learning rate can potentially leak training stage informa-
tion to malicious workers in the decentralized setting, and
the two-timescale schedule is difficult to tune in practice.
In contrast, the learning rates for all variables in our Algo-
rithm 1 are constant, independent of the current iteration,
and share the same order dependence on the solution accu-
racy e. Specifically, 7, 1, and 7., are of the same scale in
terms of the solution accuracy ¢ as shown in Theorem 4.6.
Therefore, it is much easier to tune the learning rate for our
algorithm.

These key innovations make our Algorithm 1 significantly
different from existing single-agent methods (Kwon et al.,
2024b; Chen et al., 2024; Shen & Chen, 2023). Hence, we
have to develop new approaches to establish the conver-
gence rate of our Algorithm 1.

4. Convergence Analysis
4.1. Assumptions

To establish the convergence rate of our algorithm, we in-
troduce the following assumptions, which are also used
in the existing nonconvex bi-level optimization literature
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(Kwon et al., 2024b; Chen et al., 2024).

Assumption4.1. Fork € {1,--- |, K}, the upper-level loss
function f(¥)(.,.) satisfies the mean-squared smoothness
with the constant Ly > 0. In addition, |[Vof®)(-,-)| <
Cy, where Cy > 0 is a constant. Moreover, the second-
order gradients of f(*) (v, -) satisfy the Lipschitz continuity
with the constant £; > 0.

Assumption4.2. Fork € {1,--- , K}, the lower-level loss
function g(’“)(-, -) satisfies the mean-squared smoothness
with the constant L; > 0. The second-order gradients of
g™®) (-, -) satisfy the Lipschitz continuity with the constant
Ly > 0.

Assumption 4.3. For n € {1,---, N}, the lower-level
function ¢(*) (-, -) is p-PL with respect to the second vari-
able, where p1 > 0 is a constant. In addition, the penalty
function h,(-,-) = pf(-,-) + g(-, ) is u-PL with respect to
the second variable.

Assumption 4.4. The stochastic gradients of the upper-
level and lower-level loss functions on each worker k €
{1,---, K} have an upper bounded variance o? where
o > 0is a constant.

Assumption 4.5. The adjacency matrix W is doubly
stochastic and symmetric. In addition, its eigenvalues sat-
iSfy ‘)\K| < |>\K—1| <. ... < |>\2| < |)\1‘ =1.

In terms of Assumption 4.5, we denote the spectral gap of
W by 1 — X where A = |A\z|. Additionally, we denote
¢ =max{L¢,Lg,ls, Ly} and k = {/p.

4.2. Convergence Rate

Based on Assumptions 4.1-4.5 and the fundamental Lem-
mas A.14-A.16 that characterize how £, (z) approximates
L(x) and the tractability of min,cra. £,(x), we establish
the convergence rate of Algorithm 1 in Theorem 4.6.

Theorem 4.6. Suppose Assumptions 4.1-4.5 hold, when

I{2
Yo = O(m), Yy O(m),
_2)2¢3
Y= = O((l/\ﬁ)’ Ne = O(%) My =

O (RURE)me =0 (RUET). 5 =0 (5) 7=

0] (K(lfii)%g,), p=0 (—) Algorithm 1 can achieve the

e-accuracy solution: 7 t 0 E[|[VL(Z)|?] < O(e),
where € > 0, S is the batch size in the initial iteration.
Remark 4.7. Theorem 4.6 shows that the learning rates 7,
7y, and 1, for three variables are of the same scale, in con-
trast to the two-timescale schedule used in (Kwon et al.,
2024b). Moreover, unlike (Kwon et al., 2024b), our learn-
ing rates are not time-dependent. Therefore, our learning
rate strategy is fundamentally different from that in (Kwon
et al., 2024b).

Remark 4.8. When the number of workersis 1,1.e., K =1

and 1 — A = 1, our iteration complexity 7" = O (”—9)

€5

can match the learning rate in (Kwon et al., 2024b) in the
single-agent setting in terms of €. Moreover, in terms of the
condition number &, our convergence rate O(x”) is better
than that established in (Chen et al., 2024), i.e., O(x'?)
where a standard stochastic gradient is used for update.
Remark 4.9. Theorem 4.6 indicates that the commu-
nication complexity of Algorithm 1 is O 1"”"7)\)

The dependence over the spectral gap is in the order of
1

o ((17)\)2

order methods (Gao et al., 2023). Moreover, if ignoring

the spectral gap, this complexity indicates a linear speedup

with respect to the number of workers K, which is consis-

tent with existing second-order methods (Gao et al., 2023;
Zhang et al., 2026b).

), which is consistent with existing second-

To the best of our knowledge, this is the first time to achieve
such a favorable convergence rate for the decentralized
nonconvex bi-level optimization problem.

4.3. Key Innovations in Convergence Analysis

As mentioned in Subsection 3.3, the existing single-agent
method (Kwon et al., 2024b) introduces a regularization
term to make the loss function with respect to the variable y
and z strongly convex. This allows (Kwon et al., 2024b) to
apply techniques developed for strongly convex optimiza-
tion in their convergence analysis. For example, when an-
alyzing the optimization error for the subproblems involv-
ing y and z, (Kwon et al., 2024b) bounds the optimiza-
tion errors ||y, — % ()||* and ||z, — y* (2)||* using methods
tailored for strongly convex objectives (see Lemma D.3 in
(Kwon et al., 2024b)). In contrast, since our Algorithm 1
does not impose artificial strong convexity, the approach in
(Kwon et al., 2024b) is not applicable to our setting, where
the loss function with respect to y and z is nonconvex but
satisfies only the PL condition.

Novel lemmas for characterizing the optimization error
with respect to the variable y and z . To establish the
convergence rate of our Algorithm 1 without imposing the
artificial strong convexity, we propose a novel approach for
measuring the optimality of ¢, and Z, in the ¢-th iteration.
Specifically, we measure the optimality of §; and Z; in the
t-th iteration based on the following two metrics:

%E[hm, 5) — hol@)]

1 ®)
;E[g(i‘ta 2t> - g(i‘t)] ’
where hy(z) 2 hy(z,yi(z) with yi(z) =
argmin, h,(r,y) and §(r) =  g(z,y*(z)) with
y*(x) = argmin, g(x,z). Then, we investigate how

these two metrics evolve across iterations. Specifically, in
Lemma A.3, we prove that h,(z) and §(z) are smooth.
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Based on that, we develop two novel lemmas for these

metrics in Lemma 4.10 and Lemma 4.11 without relying

on strong convexity.

Lemma 4.10. Suppose Assumptions 4.1-4.5 hold, when
2

e < ny&‘? and n, < 2L = pLy + Ly,

we have that

, where Ly,

%E[hp@mh Jerr) — hp(Te1)] < %E[hp@t,gt) — (@)

17 Te. T
— a0 -

2 2 27,

Nz 17]thp 13771th 1Mz hp _ 2
Jr, - et st E -
+(2+p gty gt Ell )
Ly, 1 oo Ly, 1
2= o" g BllIXe = Xelli] o+ 2my — 5 FE{I1Y: =

DE 17 o]

Vi)

1 K 1 K
k k k
+4nyE[I\FZV2f( ™) = 22 Domy )]
= k=1
1 K
k k k k
+477up2 H*ZV 9( >($( )7 ( ) Z ;,%t«ﬂ :

— k:

Lemma 4.11. Suppose Assumptions 4.1-4.5 hold, when
2

N < ngUz andn, < we have that

o
2L’

%E[gml, Fot) — §(Ees1)] < %E[g@, 2) — (@)

_i&

E[|V29(Ze, 2) 1] — L Elllm ][]

4

Ne 2 1 nle

— +2n.L,— E -
+(2+nz gp+ 5 p> (177, [|]
2 2

L1 S L 1 _
+20: 2 GENXe - KellF] + 2073 LBl Z — ZH]

K

K

2n. o 1 k) (k) _(k 1 k

+ Bl > Vag® @) — 2 > ml
k=1 k=1

From the above two lemmas, it can be seen

that there are gradient estimation errors like
Elll % X Vif @@ o) — g S md )
and consensus errors like IE[HXt — X¢|%). Therefore, to
handle these errors, we establish the upper bound for the
consensus error in Lemma A.10 and Lemma A.11 and the
gradient estimation error in Lemma A.8 and Lemma A.9.

Novel potential function. To prove Theorem 4.6, we de-
velop a novel potential function in Eq. (12), which in-
cludes E[L(Z;)], the above two metrics, the consensus
error, and the gradient estimation error. A novel de-
sign for this potential function is that the coefficients
{Cg7 C10, C12, C13, C15, C16, C18, 619} are explicitly attached
by ,%2 As a result, these coefficients themselves are inde-

pendent of %, as shown in Eq. (82). Then, these coefficients

will not affect the dependence on % for the variance terms

in Eq. (76). Otherwise, it might lead to a higher-order de-
pendence, degenerating the convergence rate.

To summarize, we develop a new approach to establish the
convergence rate of our algorithm for decentralized non-
convex bi-level optimization problems, which is signifi-
cantly different from existing studies (Kwon et al., 2024b;
Chen et al., 2024). In fact, our proof strategy is general and
easy to understand. We believe that it can also be applied
to the single-agent setting.

S. Experiments
5.1. Experiment Setup

In our experiments, we apply Algorithm 1 to a hyperpa-
rameter optimization task, formally defined as:

m(F)

NORION

111’ v,

K m(k)
woN 1 (k)
s.t.y"(z) = arg min - ,;_1 e ;_1 (y; at i 7b

dy da da 3
d1d ZZeXp xlq yl,pq+ d d ZZGXP qu y2,pq

p=1gqg=1 p=1qg=1

&)
7(ch1) , bi Z) ) denotes the i-th validation sample’s fea-
ture and label on the k-th worker, (at ; ,b(k)) denotes the
i-th training sample’s feature and label, £ denotes the cross-
entropy loss function. Specifically, the lower-level opti-
mization problem is to learn the weight y = {y;,y2} of a
two-layer neural network, where y; € R% %% denotes the
weight of the first layer, y5 € R%*% denotes the weight
of the second layer, and d2 = 100 in our experiment. The
upper-level optimization problem is to learn the regular-
ization coefficient © = {z1,22}. The existing study (Liu
et al., 2022a) has shown that an over-parameterized neural
network can satisfy the PL condition. Therefore, the lower-
level loss function in Eq. (9) can satisfy the PL condition,
and the upper-level one is non-convex.

where (a

To evaluate the performance of our algorithm, we use three
LIBSVM benchmark datasets ': a9a, w8a, covtype, and an
image dataset: MNIST (Lecun et al., 1998). For the first
three datasets, we allocate 10% of samples as a test set,
70% of the remaining samples for training, and use the rest
as a validation set. Regarding baseline methods, since all
existing state-of-the-art decentralized bi-level optimization
algorithms (Chen et al., 2025b; Yang et al., 2022; Gao et al.,
2023; Chen et al., 2023; Dong et al., 2025; Zhang et al.,
2026b; Kong et al., 2025; Zhu et al., 2024) are designed for
the problem with a strongly-convex lower-level subprob-

'https://www.csie.ntu.edu.tw/~cjlin/
libsvmtools/datasets/
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Figure 1. The upper-level loss function value with respect to the number of iterations.
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Figure 2. (a) The gradient norm of upper-level loss function versus iterations for a9a dataset. (b-c) The upper-level loss function value

versus iterations under different settings for a9a dataset.

lem, they cannot be used to solve the non-convex bi-level
optimization problem in Eq. (9). Therefore, we compare
our algorithm with F’BSA (Kwon et al., 2024b), which
is designed for the single-machine setting. We consider
both single-loop and double-loop variants of FBSA. For
the double-loop approach, we evaluate versions with one,
five, and ten inner iterations, denoted as F2BSA-1, F?BSA-
5, and F?BSA-10, respectively. The single-loop variant,
F?BSA-VR, incorporates the same variance reduction tech-
nique as our algorithm. To ensure a fair comparison, we run
all baseline methods in a decentralized setting similar to
ours, using a complete communication graph with the all-
reduce operation, since using a non-complete graph could
potentially degrade the performance of these single-agent
methods.

5.2. Result and Analysis

In Figure 1, we report the upper level loss function value
with respect to the number of iterations. Specifically, we
use eight workers in this experiment and we use a ring
graph to connect these workers. Moreover, the solution ac-
curacy e is set to 0.1. Then, according to Theorem 4.6, we
set the learning rate of our algorithm as 1, = n, = 7,
€3, the momentum coefficient v, 13 = ~,n; = v.n7 = 0.9.
The penalty parameter is set to p = 0.2e. For all vari-
ants of F2BSA, we set their learning rates and penalty pa-
rameter according to Corollary 5.2 and 5.5 in (Kwon et al.,
2024b). In addition, the batch size is set to 100. From Fig-

ure 1, we can find that our algorithm converges much faster
than baseline methods, confirming the effectiveness of our
Algorithm 1. In Figure 2(a), we report the gradient norm
of the upper-level loss function versus the number of iter-
ations, which also confirms that our algorithm converges
faster than baselines.

Hyperparameter. To examine the influence of different
hyperparameters, including the learning rate 7, the momen-
tum coefficient an?, and the penalty parameter p, on our
algorithm, we performed three additional experiments with
the a9a dataset. Figure 2(b) shows the loss function value
when using different values for n. It can be seen that a
larger 7 leads to faster convergence but may cause insta-
bility. Figure 2(c) shows that the momentum coefficient
does not affect the convergence speed of our algorithm too
much. Additionally, Figure 2(d) shows that a smaller p,
i.e., a larger penalty 1/p, can accelerate the convergence of
our algorithm.

5.3. More Applications on Model Pruning

To further evaluate the performance of our algorithm, we
apply it to the model pruning task (Zhang et al., 2022),
which involves pruning certain parameters of a deep neu-
ral network by learning a binary mask. Specifically, the
lower-level optimization problem focuses on learning the
parameters of the pruned network, while the upper-level
optimization problem is responsible for learning the prun-
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Figure 3. The upper-level loss function value the nonconvex-strongly-convex bilevel problem (hyperparameter optimization task) with

respect to the time consumed (seconds).

ing mask. Formally, its loss function is defined as:

K
.1 X
min - g (B (z©y*(z))

k=1

K
1
() = ' (k)
sty (x) = arg min kilﬂ (xoy), (10)

where y € R? is the parameters of the deep neural net-
work, 2 € {0, 1}¢ denotes the binary pruning mask, with a
value of 0 indicating that the corresponding parameter in y
is pruned.

In our experiment, we
conduct model prun-
ing on ResNet20,
where the dataset
is CIFAR10. Ob-
viously, this deep
neural network is
overparameterized

compared to the
number of raw fea-
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600

Figure 4. The upper-level loss
function value with respect to the
ture in CIFARI1O0. number of iterations (model pruning
Thus, the lower-level task) with ResNet20 and CIFAR10.
loss function satisfies the PL condition according to the
existing study (Liu et al., 2022a). Then, we still use our
algorithm to solve Eq. (10), where y is the parameters of
ResNet20 and z is the pruning mask. In this experiment,
we use the same experimental setup as the first experiment,
and we only keep 20% parameters. The loss function value
versus the number of iterations is reported in Figure 4.
We can observe that our algorithm converges faster than
baseline methods, which further confirms the efficacy of
our algorithm.

5.4. More Applications in the Strongly Convex Setting

Since the strongly convexity indicates the PL condition, we
apply our algorithm to the nonconvex-strongly-convex hy-

perparameter optimization problem to further demonstrate
its performance. In particular, we change the two-layer
neural network in Eq. (9) into a linear logistic regression
model. Then, we compare our algorithm with those that re-
quire second-order gradients: DSBO (Chen et al., 2025b),
gossip-DSBO (Yang et al., 2022), MA-DSBO (Chen et al.,
2023), VRDBO (Gao et al., 2023), DSVRBGD-S (Zhang
et al., 2026b), and those using fully first-order gradients:
DSFDA-GT (Wang et al., 2025). We use the same way
to set the learning rate for our algorithm and DSFDA-GT
in terms of the theoretical result in (Wang et al., 2025).
As for other baseline methods, we also set the learning
rate according to their theoretical results, i.e., using €2 as
the learning rate for DSBO, gossip-DSBO, and MA-DSBO
and using € for VRDBO and DSVRBGD-S. The other set-
tings are the same as the first experiment. From Figure 3,
we can find that our algorithm consumed much less time
to convergence than all the baseline methods that require
second-order Jacobian and Hessian matrices, which con-
firms the efficacy of using fully first-order gradients. In
addition, our algorithm outperforms DSFDA-GT that uses
the fully first-order gradient, which confirms the efficacy of
using variance-reduced gradients.

In summary, these experimental results across different ap-
plications confirm the efficacy of our algorithm.

6. Conclusions

In this paper, we develop a novel decentralized stochas-
tic first-order method for nonconvex bi-level optimization
problems without introducing the artificial strong convexity
for the lower-level loss function as existing methods, where
a novel single-timescale constant learning rate schedule is
proposed. Moreover, we established its convergence rate,
where a new proof strategy is proposed to handle the pure
PL condition. The extensive experimental results confirm
the effectiveness of our algorithm.
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A. Appendix
A.1. More Applications on Toy Model

To further verify the performance of our algorithm, we conducted an additional
experiment on a synthetic model, which has a lower-level problem that is nonconvex
but satisfies the PL condition. Specifically, following Eq.(12) in (Shen & Chen,
2023), we construct the following stochastic bilevel optimization problem:

. (k) cos(4y +2)
xe%fg]sz z ( e

K
1
1. i E 75 ( — (k) - (k>)
s yeargmyl kiln > y+x c )2+ asin?(y 4z — M)
(11)

According to (Shen & Chen, 2023), it is easy to know the lower-level loss function is
still nonconvex but satisfies the PL condition because our variant just adds constant
terms to it.
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Figure 5. The upper-level loss func-
tion value with respect to the number
of iterations on toy model.

In our experiment, we generate a,,, b,,, and ¢,, from a standard Gaussian distribution. Then, we use the same experimental
setting as other experiments. Figure 5 shows the upper-level loss function value in different iterations. We can find that our
algorithm still outperforms all baselines for this toy model, which further verifies our theoretical results.

A.2. Proof Sketch

To establish the convergence rate of Algorithm 1, we establish the following potential function:

Step 1: To prove Theorem 4.6, we propose a novel potential function, which is defined as follows:

P, = E[L(Z:)]
conz 1 o s
+ B[ ZElh (1, 51) — ho(70)]
Ny P
c1ng 1 _ o
;7:] ;E[g(xt7zt)—g(xt)]
1 _ 1 _ _
ter E[| X: — Xo||F] + cs— % [HYt Yzf|\2]+(’4 [HZf A
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This potential function includes the optimization error, consensus error, and gradient estimation error.

Step 2: We establish the upper bound for the optimization error in Lemmas A.5-A.7 of Appendix A.4, that for the con-
sensus error in Lemmas A.10-A.11 of Appendix A.6, and that for the gradient estimation error in Lemmas A.8-A.9 of
Appendix A.5.

Step 3: Based on those upper bounds, we establish the upper bound for P, — P; as shown in Eq. (76).

Step 4: We select feasible hyperparameters {c;}12 such that the coefficients for the consensus error, gradient estimation
error, E[||Vah,(Z¢, 5:) %], Bl V29(Zt, 20)|12], B[l ]1%], Ell7y.4]1?], and E[||72 +]|?] in Eq. (76) are non-positive.

A.3. Fundamental Lemmas

Lemma A.1. (Chen et al., 2024) Suppose Assumptions 4.1-4.5 hold, L(z) is L. -Lipschitz smooth, where L; = O({x3).
Lemma A.2. Suppose Assumptions 4.1-4.5 hold, denoting Y™ (x) = arg min, cga, g(x,y), we have that

dist(Y™(21), Y™ (22)) < Cy-[lz1 — o, (13)

for any x1 € R% and x5 € R%, where Cy = % = O(k).

Proof. For any y; € Y*(x1), there exists y € Y*(z2) such that

wllyz =yl
< [[Vag(z2, 41) ||
= [[Vag(z2,y1) — Vag(z1, 91|
< Lgllze — 1| - (14)

Similarly, for any yo € Y*(x3), there exists y; € Y™*(x1) such that the above inequality holds. This completes the
proof. O

Lemma A.3. Suppose Assumptions 4.1-4.5 hold, we have that

[Vg(z1) = Vg(a2)|| < Lgllwr — z2| ,
[Vhy(@1) = Vhy(x2)|| < Ly llwy = o (15)

where Ly = Lg(1+ Cy+) = O(x) and L;, = (pLy + Lg)(1 + Cy:) = O(k).

14
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Proof. At first, we have

Vi(z) = Vag(z,y*(z))
= Vig(z,y"(2)) + (Vy*(2))" Vag(z,y"(2))
= Vig(z,y*(z)) , (16)
where the last step follows from the fact that y*(z) € argmin,  ga, g(z,z). Then, for any z; € R% and 25 € R%, we

have

[Vg(z1) — Vg(zs)|l
= IVig(z1,y"(z1)) — Vig(za, y* (z2))]
< Lgllzr — 2ol + Lglly™ (1) — y™ (z2)]|
< Lyllz1 — @all + Lg Ly~ |lz1 — 22|
= Lgllz1 — 22|, (17)

where Ly = Ly(1+ Cy+).

As for ﬁp(m), we have

Vhy(x) = pV1f(2,y;(2)) + Vig(z, yj(2) + (Vs ()" (0Vaf (2,5 () + Vag(@,y; (2)))
= pVif(z,y,(z)) + Vig(z,y,(z)) , (18)
where the second step follows from the fact that y; (x) € argmin,cga, hy(z,Yy).
Then, for any z; € R and x5 € R%, we have
IVhy(21) = Vi (o)
= [[pV1f(21,y,(21)) + Vig(z1,y,(71)) — pVaf(z2,y,(72)) — Vag(22,y,(22)) |l
< plIVif(@1,y,(21)) = Vaf (22, y, (@)l + [[Vig(21, y,(21)) — Vag(za, y,(22)) ||
< pLgllzy — xoll + pLylly, (21) — yp(22) || + Lgllzr — w2l + Lglly,(21) — yp (22
< (pLy + Lg)llw1 — w2ll + (pLy + Lg)Cy;
= L;llz1 — x2|, (19)

T — 2|

where Lj, = (pLy + Lg)(1 + Clyx ), the second to last step follows from Lemma A.14.

O
Lemma A.4. Suppose Assumptions 4.1-4.5 hold, we have that
* 2 *
ly* () — 2||* < ;(g(frvz) —g(z,y"(2))) ,
* 2 *
Iy (@) =9l < 2 (ho(2,9) = hola () (20)

Proof. According to Assumption 4.3, the penalty function %, (z,y) is u-PL in y. Then, in terms of Lemma A.1 in (Yang
et al., 2020), it satisfies the quadratic growth condition as follows:

,U * *
Sly(@) = yl” < hp(2,y) = hy(w, 45 () 1)
which completes the proof.

Similarly, according to Assumption 4.3, the function g(z, z) is p-PL in z. Then, in terms of Lemma A.1 in (Yang et al.,
2020), it satisfies the quadratic growth condition as follows:

Elly* (@) = 2IP < g(@,2) - g(a,y* (@) @2

which completes the proof. O
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A.4. Optimization Error

Lemma A.5. Suppose Assumptions 4.1-4.5 hold, when n, < ﬁ, we have that
E[L(Z,.1)] <E _legnive 7 3’7”” \ VL, (%)
[£(Ze41)] < E[L(2:)] - S E[|VL(Z DIP] = Eme o ?] + SEE(IVL(E) — VL (20)]17]
L9 L _ e L .
QMQ (L} 729) IV 2hy (22, 50)|1? ]+ﬂpf [IV2g(Ze, 20) || ]+9nz*L2 = EllZe — Zi|1 7]

+9n, (L} 25 LQ) E[| X: — XellF] + 9. (L +5 Lz) E[|Y; - Yi %]

k k k
+9nm]E[||}ZV1f(k)(IE L) KZ ol
k=1

11 1 &
k k
O CANDES Sy
k=1 k=1

1
+ 90,5 H—Zng’ ), 2M) Z m% 7 (23)

Proof. Because L(z) is L-Lipschitz smooth, we have
L
E[L(Zi11)] < E[L(Z:)] + E(VL(E:), Tra — 7)) + TﬁEHlfm = 3|?]

’]

= B(C ()] — BV, )] + ”ﬂ%m *

= EL()] - ZB{IVLG0) |2 - BBl ] + TRV = o]+ LB )
< E[L(#)] — SENVL@E)] = BI04l + TEIVLEe) = )]
< BIL(3)] - FE[IVLE)]?) — ZElma.|”] + 3’7’6 E[[VL (@) = VL ()|
+3ﬁ E[|VLy(7:) - Vxﬁp(afuyt,zt)ll% "””IE[IIVxﬁp(zt,yt,zo—mwllz], (24)
where the fourth step follows from 7, < 51—

Bounding E[||VL,(Z) — Vo L,(Zt, Ur, Zt)||?].  For VL,(Z:), we have

VL, (@) = Vo @1.3(50) + Vo1, 95(00) = 5 Vol (@)
— V(@ (@0)) + (T (20)T Vad 0,y (@2)
+ gl @) + (V@) Vag(ar. 3 @)
— Vg (@) = (V5" (@) Vagar.y* (@) (25)

Because y;, (7;) = argminy pf(Z+,y) + g(Z4, y), we can obtain Vo f(Z4, y, (T¢)) + %Vgg(a?t, Yy, (7¢)) = 0. Similarly, we
can obtain Vag(Z¢, y* (%)) = 0, as y*(T;) = argmin, g(F, ). As a result, we can know

1 1
VL)(Z:) = Vif(Ze,y,(Z1)) + ;Vlg(fta Y, (Z1)) — ;Vlg(ftay*(ft)) . (26)
Based on this gradient, we can bound E[||V L, (Z;) — VL, (%, Ui, 2t ) ||*] as follows:
E([VLy(Zt) = VaLly(Ts, Gr, 2)I|)
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= V3@ (0) + V10 55(00) = - Viglany ()
— (V@) + 5 Vagl@ i) = Viaan2) P

< SE(I 3 @1 3@1)) = V1@ 0]+ S V01,05 00)) — Vo)
+ 3B Vg @y (1)) = ~Vag(@, 7))

Lg — * (= 2 L£2] = * [ = 2
< 3(Lj + pQ) (17 = yp ()l ]+3p7]EH|Zt =y (@)]I7]
2

2o o L2000 7, o (E
<B(L5 +2) Iy (0 00) — by (20))] 4 33 Elo(e 3) - 0(y ()]
3 L2 — 2 3 L(2J = 3.)/|12
< 5 (L3 & DBV ahy (0, 50) ] + 25 S V2(a, 201°) @7

where the third to last step follows from Assumptions 4.1, 4.2, the second to last step follows from Lemma A.4, and the
last step follows from Assumption 4.3.

Bounding E[||V . L,(Z¢, t, 2t) — My t||?]. As for E[|| VoL, (Z¢, §t, 2t) — My ¢||], we have

E[|VaLp(Ze, G, Z) — M l?]
1 1
< BE[||V1f(Z4, §e) — M 4]?] + 3'0*2]E[||V19(ft,ﬂt) — Mg ] + 3?]EH|V19(@, Zt) — Mg 3.]|°]
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where the last step follows from Assumptions 4.1, 4.2.
By plugging Eq. (27) and Eq. (28) into Eq. (24), we complete the proof.
O

Lemma A.6. (Restatement of Lemma 4.11) Suppose Assumptions 4.1-4.5 hold, when 1, < %nz andn, < we have
g

_P_
i 2Lg ’
that

1 B B e 1 o 1n - n B
;E[g(xt-i-lvzt-&-l) = 9(Te41)] < ]E[ (T, 2t) — (7)) — ?iE[HVzg(JﬂtaZt)HQ] - ZZ]EH|mz7t||2]
K
e o 1 M3l 1 . 2nz (0 (F) (9 1 (k)
Uo oL~ + =292\ g -
+ (% v 2y + S Y Bl ) + Kng )= e ol
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where the fourth step follows from n, < 52— - and —E[|V29(Zi11, 2)||?] <

L2 1 . L2 1 o
+ QUZP*‘QEE[HXt — X¢l|7] + 2nzp7'2?]EH|Zt — Zi|| 7] - (29)
Proof. On the one hand, we have
1 _ B 1 B N 1 N o 1L
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1 o 1 o 1n?L _
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p p p 2
1 _ _ g
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On the other hand, we have
1 _ B 1 o 1 o _ 1L, _ _ 19
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1 1 o _
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Then, by combining the above two inequalities, we have

1 _ _ 1 _ _ 1 1~ _ _ U2 _
;E[g(leth—&-l)] < ;E[g(xt+1vzt)] - pﬁZE[||V29(17t,Zt)H2] = L Ellme?]

1377 L? 1 _ L? 1 _
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+ T Bl >0 Vg AY) KZ m01P)
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=;wmmm+ﬁ< ;—Z)mmewmﬂ B B o}
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Moreover, because §(x) is L;-smooth, we have
NG A T AW = Ly, = (12
9(@eg1) =2 9(20) +(VI(T0), Trir — Tr) — 7||$t+1 — 7|
P ke = - Ly, -
= 9(Z¢) + (Vag(Ze, y* (T1)), Tegr — Ty) — 7g||$t+1 — a3 (33)

Therefore, we have

1, 1, 1 o _ _ 1L, _ _
;g(ft) - ;9(%“) < *;(ng(ﬂﬂt,y (Tt)), Tey1 — &) + ;?gﬂl‘tﬂ — 2% (34)
As a result, we have
1 _ s
;E[Q(xtﬂa Zi+1) = §(Te41)]
1 o o L
= ;]E[g(’ftﬂa Zey1) — 9(Te, 2t) + 9(Zt, 2e) — 9(%0) + (%) — §(Teg1)]
1 o 1 _ _ o 1. o
< ;]E[g(i"t, Z) — 9(Z4)] + ;]E[g(ﬂftﬂ’ Zev1) — 9(Te, 2)] + ;]E[g(l"t) = (Z441)]
Lo 1 (nLy . e
< Elg(a, ) ~ @) + 5 < o "4 ) B[ V2g(Z, 7)[17) = ZE[|m...]
(% 2zr,t 4 B Y w2+ 20 2 Lippx, - 20+ 20,22 LE]1Z, - 202
9 Ny gp 2 M.t T]ZPQK t tiF 77sz K t tF
1 1
+ ;E[Wxg(ftvy*(ft))aftﬂ —Z)] - ;E[W 9(ZTt), Tey1 — )]
2772 ®) (7 (),
- ZepL S v 23t
1 o o 17, 2 . _ 9
< ;]E[g(fft,?rt) —9(z)] - 7*]E[||Vzg(fft»zt)|| ] = ZE[Hmz,tH ]
- L21 _ L2 1 _
+ (L 21221+ O B )+ 20 2 L EIIX, — Xl + 202 LE(1Z— 2
2772 k) (k 1 k
H—Zw“) 2,2 t“)—gz m0PT, (35)
p? k=1 k=1
where the last step follows from 7, < 4‘222 Nz-
O
Lemma A.7. (Restatement of Lemma 4.10) Suppose Assumptions 4.1-4.5 hold, when 1, < n,; L2 and 1y < 57—, where

Ly, = pLy + Ly, we have that

1 _ _ . 1 o - 1n _
;]E[hp(xt+layt+l) = hp(Zes1)] < *E[hp(xtvyt) ho(Ze)] — *ny IVah, (Ze, 52) 7]
T gmth }37735% 1
1 Elllmy,elI7] + ( st o E[[|m,¢1%]
Ly . L, 1
22— E[l| X; — Xll7] + 2y —5= e K E[||Y; — Yi||%]
p
K
+ 4nyE H*ZV A ()a Z y,1f+1H

k:
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1 1« CCNIREE m®)
k k k k
+ 4nup7E[‘|E ;:1 V29( )(xt Y ) — e 2 y,2,t+1|| ] (36)

Proof. According to the definition of the penalty function h,(x,y), it is easy to know that this function is Ly, ,-smooth
where Ly, = pLy + L.

Then, on the one hand, we have

1Ly

“Elh(@eer.Giee)] < B (e, 0]+ SEUVahy(Eesr. ) s = 5]+ - 52 Bl = ]
= %E[hp(ft-i-lygt)] - WyE[<%V2hp(ft+1,?]t)amy,tﬂ + ;@EHTRMHQ]
= %E[hp(-ft-i-hgt)] — %E[Hivzhp(itﬂ,ﬂt)nz] - %]E[HmWHQ]
B @41, ~ ]+ S I P
< Bl (i1, 5] — B Vaho (s I = LB 1]+ B Pah (. = )
< Bl (i1, 50) 5 B Vahy (3, 50)|] = B
43 SB[V e, ) — Fahy @) ]+ Bl Vahy (o5 — ]
< Bl (i1, 5] 5 B Vahy (. 50)|] = 2Bl
o L e ) B0 ) —
< Bl (1. 50) 5 B Vahy (3, 50) ] = 2B
L2 ) 0D P 1)~ gl
< B 1,01~ 5 IV o GO — 2Bl + 2 2l
+ 2Bl Vahy (@0, 51) ~ - 32 Zv n @ )7 + 2nyE[||% ivzhﬁk) @, 50) — )
< Elh (o, 30)] - ;—y 192hp 7))~ 2B ] + 3’“2“ Elle |
+ 2nij;”;Eth - X3+ 2nylf;;mm ~TlE]+ 4ny]E[||[1(§:V2f(k o) - 2 fm 2 el
+477y 2 va aZ/t i y,2,f+1” @37

where the fourth step follows from 1, < 72—

On the other hand, we have

1 1 1 1L
Bl (e, 50) < Bl (T, 0] + EUVihp (@50, Tepn = 2]+ =5
1 .

- %E[hp@,m E[(= (V1hp(Z0, 51) — Vho(@)), Toin — 71)]

E[||Z+1 — Z¢]|%]

A
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1_- 1L

+ E[<;vm<@>,m - )]+ ;%E[Ilml |’

1 o
=;E[hp<xt7yt>}+;f 11k (@0, 50) = V(@) 2] + LBl 0|

1 . 1n2L _

+;E[<Vhp(ft)yift+1*ft>]+;n — B wtll’]

1 - 17, o - Loocs _ e | Naln, _
= —Elhy(7e, 50)) + —5 B[ Vihp (0, 5) — Vho(#0) 2]+ ZE[Thy(30), Fes1 — 30)] + (2 + 2 ) B i)
p p* 2 p 2 2p

1 o 1Ly 1 ) Ne | Maln, _
< Bl (o1, + 25 5 Bl = (0 IP]+ V@), gen - 7] + (% + e ) Bl

1 o 1 1Li I | S _ Ne . M2Ln, e
< Bl @ )] + 5 =5 Bl T2h 3 P)+ D E(Vh(0), T = 2] + (5 + 2 ) Bl ] (39

where the last step follows from Lemma A.4 and Assumption 4.3.

By combining the above two inequalities, we have

1 B _ 1 _ _ 1n o B 1377 Ly B
;E[hp(mtnleytJrl)] < ;E[hp(xtﬂayt)] - ?ZyE[Hvﬂp(ﬂCt»yt)Hﬂ ]E[H yt|| ]+ 322 ———E[||m zt|| ]
L%Lp L% 1 (k) 1 & (k)
2y X~ K]+ 20, (1Y, — Vulf] + 4, Zv 1O@® ) = =S m )
k=1
11 & 1 &
k k
a4y 5Bl 32V @ ) = 1 2 m Bl
k=1 k=1
1 - 1 n . 7. _ 13n2Ln, . _
< CElhy (e 50)] — g VIV ohy(E0 5017 — El ]+ = E )
L% 1 _ L2 1 B 1 K K
2 h 2 k (k)
+ 21, pszE[HXt—XtHF]+277yp7;EE[||Yt—YtHF]+477y]E[||E’;V2f() y g i )
K
k
+417y 2 szg o yM) — Z y2t+1
1 nL3 o o B . 1n2L, B
s BV, o0 301 + ST (00, 7 — 7] + (% + ST ) B
1 - L [y UxL;le = =2 My - 2 1 2 (= A —
= Bl (e 0]~ g g | BIVahy (@501~ By ]+ CE(Vh (), Fen — )
2
Ne  1miLn,  13n3Lp _ Ly 1 _ L3 1 _
+(2+p T Bl 2y Bl X — Xl 4 2m o BV - il
1 & 1 &
k k k
+4nyE[IIEZV2f(’“)(x§ L) = myd )
k=1
K
g, — B ngg "y Z m{ ) (39)
Similarly, due to the smoothness of h »(2¢), we have
1 1 1 113L;,
~ ~ ~ T
;hp(ﬂ_?t) — ;hp(ﬂ_?t+1) § *;<Vhp(fft),ft+1 — {ft> +; 5 P ||'ﬁ1,$7t||2 . (40)
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As a result, we have

1 _ _ ~
;]E[hp(xt-‘rla Y1) — hp(Tit1)]

= %]E[hp(ft-&-lagt-i-l) = h(Z, ) + hp(Tay Te) = Top(Be) + Do (Be) — Dy (Be41))]

= 2Bl (@0, 31) by @) + Elby @i, Gesr) = byl 5]+ Bllg(@0) = h(3140)

B N 1 [ N Li, N -
< Elhy (@ 30) = hy(a)] - (g gy | B2k @ ) ] - S E ]
n2Ln,  13n2Ly, S n - L3 1 .
+(2+p SRR )E[ |+ 20— X, = Xl + 20, — ZE(IY: - el
k) k k
+ 4nyE ||*Z:v f(k) ( 7yt() KZ é%t-u 2
k=1
1.1 & 1 &
k k
+477y*2E[||?ZV29( )( ( )»yt( ) Z y2t+1
p k=1 k:l
2
1 ~ 1 ~ _ _ _ 1’[’]$th _
+;E[<Vhp($)$t+1—$t>] ;E[<Vhp(xt)7xt+l_xt>]+; 5 E[[|mq,¢]?]
< LBl (@0, 70) — hl@0)] — — B[ Vahy (31, 50) | ”yE 7
< Bl (70, 50) — hp(@)] = BV 2hy (@ gOI] = T E 0]
2 2 2L
Ne  1mzLp 13nzLy, 1Mz L5 B 9
e _ P - P _ P E =
+<2+p 3y g | Bl
2 2
om, e Lellx, — .30 + 2, e L)Y, - ¥
+ 21y 2K t tlF My 2 t— Yil|p
1 & 1 &
k k k
+4n,Ell= > Vaf P y") - K2 ;LHH 1
k=1
K
k
Ty~ E Z%g (@, M) Z m{S il @1

where the last step follows from 7, < nyu“—z.
hp

O
A.S. Gradient Estimation Error
Lemma A.8. Suppose Assumptions 4.1-4.5 hold, when n,, < \/% Ny < \ﬁ andn, < W we have that
1 & 1 & 1 & 1 &
k k k k k
Elll = > VP @ o) - 2 Yo mi el < - e Ell 2 Dm0 VW @ ™))
=1 k=1 k=1 k=1
1 1 2 2.4 21
+ 213 Bl Xosr — X3+ 203 Vg — Vol + 2020k0% @)
K 1 X 1 X
k k k) (k
ZV g(k) xt+1ayt+1 Z gc%t-i-l <@ —%ni)E[llgzmié,t o EZVIQ(M@ ),y§ ))HQ]
k=1 k=1 k=1
1
212 Bl KXo — Xill}] + 202 Bl Vi — Yill}] + 29207 5 43)
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=

K
1 k k 1
E[ K E Vlg(k) x§+)1azt(+)1) K
k=1
2% — 1 X X or2 L
+ 9|2 [” t+1 — 25||F]<i> 9|2

1 & 1 &
k k
E[ngvﬁ(k) x§+)1,y§+)1) ?Z

k=1 k=1

1 1
+ 2LfK2 (1 Xe41 — XelF ]+2LfK2

K

K
1 k) o (k
]E[HE ngg(k) x§+)1,y§+)1 Z
k:
+2L3K2 [ Xi41 — Xt||p]+2L2
1 K
k (k
ZV g® @ *) - -
k=1
+ 2L§ 7z Bl X1 = X 3] + QLg e

K
k
m 7] < (1= n)E [||f2
k=1
1
E[l|Ze41 — Ze|IF] + 2%%77;102? ;
1 K
k k
;,i,t+1” <1 - %my K ng(;,%,t
k=1
1
1Yig1 — Vi3] + 2757]302? )

K
k 1 k
mys P < (=)l 7 Y my, -
k=1
1
FEIYer = Yill7] + 2gmyo® 2=
K
m® 2 1 (k)
z,l,t+1|| ] (1 - Vznz)E[Hg Z mMaie—
k=1
1
El|Ze41 — Zel|3] + 2v2ns0° — .

K

K
(k) (k) (k))H]

k:

(44)

=

1 k) (k
7 2 Vag® (@ g

k=1

(46)

(k)

Zv g 2|7

(47)

Bounding the gradient estimation error has been studied in the existing literature (Cutkosky & Orabona, 2019; Khanduri
et al., 2021a; Gao et al., 2023), we follow them to include the proof below for completeness.

Proof.
1 K K
k k k
E[ngvlf(k) 17§+)1 y§+)1 Z gcit—kl ?
k=1 k=1
1 K
k k k
= E[H? Z((l - %ﬁ?g)(mi,;,t — Vi f®(ay ( )vyt 7§t+1)) + V. f® (xt+17yt+17§§+)1
k=1
1 K
=iz 3 (= ren2)m, = 1O @, ) 12)
1 K
k k k
ElI(L =72 3 (Vir® @ pf®) = vir® @y )
k=1
+V1f(k)(l‘§lj_)1’yt(i)1:€ti)) Vi f (xt-i-)l:yt(-{-)l))
1 K
k k k
iz Y (VO @ uh 6 - VO @ y)I
k=1
1 K
k
< (=) Bl D_(mfh o = Vaf P y™))1]
k=1
1 K
k k k k
+2(1771773:)2E[||?Z<v1f(k)( My = O @y M)

k=1
k) ok
+ Vi f(k)(l’tﬂ’ yt(+)17 ft+) ) —

f ($t+1a yt+1)) || ]
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K

1 k k) o(k
+ 200 Bl 2 Y (Vi @ u 68 = Vi @ w1
k=1
1 & 1 &
k k k
< (=Bl Yomi — = > VP, gt
k=1 k=1
1 K
k k
+2ﬁZE[Hvlf(k)(:vg_,_)l,yt+1,§,§+)1) Vi f(k)( 7yt 7§t+1)H ]
k=1

K
k k k k k
202t BV O,y €8 - 1O, ) )
k=1

K

K
1 k 1 k) (k
<(1- %ni)Eng Som, - K Z Vi O ("))

P
1
+2L5— K2 E[| X1 — Xel 7] 4 203 — K2 E[||Yi41 — Vil F] + 2“@77;102?

The other inequalities can be proved in the same way so that we omit their detailed proof.

Lemma A.9. Suppose Assumptions 4.1-4.5 hold, when n,, < \/% My < \ﬁ andn, < W we have that
1 & 1 &
k k k k) k
= D BV Y @ ph) - m a2 < (= yemd) = Y Bl - Vi P
k=1 k=1

1 1
+2L2 E[[| X141 — Xel|7] +2L?§E[IIYt+1 — YillZ] + 293050”

K

k k k
STEVig® @y - mD 1P < (1 an?)
k=1

+2L2 E[| Xe41 — XtIIF]+2L2 E[|Yi41 — Yill3] + 292030,

k k k
Elm{), — Vig® @,y

| =
==
N

K
(k k k k k k
EZ 1909® @h, 2h) = mi% P < (1= ) 52 ZEHm“ = Vig® (@, )P
k

1
+ QLEEE[”XHA - Xull7] + 2L3EE[”Z1S+1 — Zul3] + 292n50?

K
k) (k k 1 k
E[[[V2s® (@i uh) = my a1 < (= nd) 2 DBl = VO @, 4]

==
NE

=~
Il
—
x>~
Il
—

. 1
+ 205 ZE Xerr = Xil[] + 2LF ZElYers = YilE] + 2v5,0°

K
1 k) (k k 1 k k
P B[ Vg™ (@ 550 —my 7)< (1= ) 2 D Ellmy , = Vag®™ " 511

uMW

1 1
+ 212 X1 — Xil] + 202 ElYigs — Vill3] + 2020807,

1
K

M=

K
k) (k k 1 k
Bl V29 (@), 250 = m 17 < (1= end) 2 S ElmE, = Vag® @, ) 7
k=1

>
Il

1

1 1
+ 205 Bl Xesr = Xl 7] + 2L5 Bl Zer = Zel7] + 292020
This lemma can be proved by following Lemma A.8.
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A.6. Consensus Error

Lemma A.10. Suppose Assumptions 4.1-4.5 hold, we have that

2
E[[| Xis1 = Xeall7] < AE[[|X; — Xel[7] + 17753>\E[||Um,t — UrtllF] (55)
2
_ _ 77 _
E[[|Yir1 — Yerall7] < AE[Y; — V|17 + ﬁE[”Uyt —Uyllz] (56)
— — 2 —
El| Zenr — ZeallF) < XEIZ - ZI3] + B e~ Uurl). 67
Proof.
E[|Xer1 — X1 |7]
EHlXtW nmUac t (Xt - nxUm,t)H%]
1 _
< JElXW ~ Xell] + E[|Us,e — Us ll7]
— 2 —
< AE[|X — X3 + TS ElUze — s3], (58)
where the second step follows from the fact [|a + b||? < (1 + ¢)|al|* + (1 4+ 1/c)||b]|* with ¢ =  — 1. O

Lemma A.11. Suppose Assumptions 4.1-4.5 hold, we have that

_ _ 9 2
E[|Uz t41 = Us sl F] < AB[|Us s — Uy el|7] + ﬁ(L?f + 2;§)E[\|Xt+1 - X7
9 2 L2 2 9 szz 2 9K’Y§77?2 g 2
+t1o )\(Lf + 2 —2)E[[|Yeg1 — Yl 2] + ﬁFE[”ZtJrl - Zi||%] + ﬁ(l + =)
2 4 K
k k
= N B[, — V1P @, )P
k=
9v2nt 1 X 9fy i1 X
x'lz k k z!lx k k k
P LE [Imf% = Vig® (@, y)IP) v [Im%, = Vig® @™ )P, (59)
k=1 k=
2
r 2 7 2 6 2 L 2
E[lUy t+1 — Uy es1ll] < AE[|Uy¢ — Uy el 7] + ﬁ(Lf + e B[ X1 — Xell7]
6 , ., L2 o, O6KyZno? 1
+ ﬁ(Lf + F)E[HYtH = Y% + ﬁ(l + piQ)
672774 K 1 K
k k (k k
+ 7 D Ellmy, — VO ) ——QZ [y, = V29® @ )P (60)
k=1 k=
7 2 r 7 2 3 Lg 2
El|Uz 441 = Uz 18] S AE[|Uzp — Uz all5] + ﬁ?E[”Xﬁl — Xu||7]
3 Iy ) 3K7 nio® 1 77 (k) () b
+ m?E[HZt-H — Zi|lp] + = 7 TaTs 7 ZE Im , — Vg™ (a} )T (61)

26



Convergence Analysis of Decentralized Hessian-/Jacobian-Free Algorithm for Nonconvex Stochastic Bi-Level Optimization

Proof. For the first inequality, we can prove it as follows:

E[|Uz,t+1 — Uz t41 7]

[
=E[|Up W — My + My 141 — (Uz,t — Mx,t + Mx,tJrl)”%‘]
1 1 _ _
<5 E[|Us s W — Uy il 7] + ﬁE[HMx,tH — Myt — My o1 + My o||7]
< AE[|Uz,e — 7+ ﬁE[HMw,)H»l — Myy — My yy1 + Mzt”%‘]
_ 1
< AE[| Uzt — Unell3] + T EllMae41 — M, 4| %]
_ 3
< AE[HUM — UstllF] + T EllMa o1 — Mm,l,t 7]
3 2 3 2
t1 /\ —SE[|Mz2,t41 — Mz 24| %] + /\ —SE[[Mz3,641 — My 3.4 %]
< )\E[HUz,t - 7]
3 3
+ ﬁ?’L?E[HXtH - Xull%] + ﬁ3L3‘E[||Yt+1 — Yi|l %] + 3K;nso Qm
e ZE Im = V1O @, )]
5 Larg)x X 3L23 Y, Y| %] + 3K~2nto? !
+ﬁﬁ SEl X1 — dl7] + a2 E[|Yi+1 — Yi|l7] + 3Kzn,0 [
1 K
k k) | (k
3 D Ellmi = Vig® @) )
k=1
3 1 2 2 3 1 2 2.4 2 1
+ ﬁﬁ?’LgE[HXtH - X F] + 3L T-a 2 El|Zts1 — Zi| 5] + 3Kvnz0 T2
k
+3n QZE 3o = Vig® @, 2|7
2 9 2 Lg 2
< AE[||Uq,¢ ]+ m(Lf + QF)E[”XtH - Xl %]
9 2 L_(Q] 2 9 L!2] 2
+ ﬁ(Lf + ?)E[HYtH = Yil[w] + ﬁ?E[HZtH — Zt|| 7]
K
L s SOE[m®), — Vi @, o 9%% | IR CINONTE
T\ myi = Vi (@ g )P + Z [l ") 20— V1g (@, 5"
k=1
931y 1 k k) _(k 9K yZz0° 2
T o DL Bl = Vag® @l P SR ), (62)
k=1

where the second step follows from the fact [la + b[|* < (1 + ¢)|jal|* + (1 + 1/c)||b]|* with ¢ = § — 1, the second to last
step follows from Lemma A.12.

Similarly, for the second inequality, we can prove it as follows:

El|Uy, 11 — Uy l7]
_ 1
< A]E[HUy,t - y,t”%] + ﬁE[”My,t-&-l - MytH%]
_ 2 2 2 2 1 2
S AE([Uy,e = Uyellw) + 7= Bl My, o1 = Myaellp] + mﬁE[HM 241 — My 2.4[|7]
[ 2 2 2 2 2,4 2
S AE[[|Uy,t — Uy ellp] + mSLf]E[”Xt-&-I — X\ %]+ 3L% T [||Yt+1 Yillw] + 3Ky n,o T
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k k k
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k=1
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Moreover, for the third inequality, we can prove it as follows:
E(|Uz 041 = Us e l|7]
_ 1
< AE[|U.¢e — U.e|| 7] + T EllMz e — M. 4||7]
_ 1 1
= AE[|U.¢ — U.4[ 7] + ﬁEE[”Mz’““ — M. 1417
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K
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72 ,t - VQg(k)(xE )7ZL£ SIS ﬁpg . (64)

A.7. Auxiliary Lemma

Lemma A.12. Suppose Assumptions 4.1-4.5 hold, we have that

El| Mo 1441 = My | 7] < BLFE[|Xer — Xel|F] + BLFE[|Yi4 — Yil[F] + 3K 30

K
k k k
+3920 > E[Im{], — VP @M,y (65)
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K
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<33 B[V P @, us ) — O @y e

K
k
+3920" Y E[Im"], -
k=1

K
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where the last step follows from Assumption 4.1 and Assumption 4.4.

The other inequalities can be proved in the same way.

Lemma A.13. Suppose Assumptions 4.1-4.5 hold, we have that

1 Xe1 — Xell7 < 12)| X — X3 + 302Uyt — U,

1Yir1 — Vil < 121Y; = Vil % + 302]|Uy.e

1Ze41 — Zel| % < 12(|Z0 — Zil|3 + 302 || Ut —

Proof.
[ X1 — Xell T
= HXtW - Wxe,t - Xt”?«“
= HXtW - Xt - ana:,t + nwﬁm,t - nxﬁaz,t

29

(k) )
Lei1s yt+17 §t+1) Myt

Vi@ @® g0 + 342 4ZE (V1 f® @D,y = v, f® (2P

B 3K g

Uyt + 3y K ||y ¢ |

Us |+ 302K ||

2

Zt”%“] + 3K~

V1f(k)($§k)z ng

(68)

(69)

(70)

)]

(71)

(72)

(73)

(74)
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<3| X W — Xoll3 + 302 |Use — Usell® + 30211 Ut %

=3)(Xe = X)W = D7 + 302Uzt — Un | % + 3021Uat |7

<3| Xy — Xell# W = I113 + 3021 Us e — Us |7 + 3020| Us I

< 121X, = Xell% + 3021 Usye — Uatll3 + 302 | Mo el - (75)

The other inequalities can be proved in the same way. O

A.8. Proof of Theorem 4.6

Proof. Given the potential function P, in Eq. (12), by plugging Lemmas A.5, A.6, A.7, A.8, A9, A.10, A.11, and A.13
into P41 — Py, we have

Pt+1 - Pt
377 _
< =S EIIVL@E)IP] + = FElVLE) — VL (7))
9%%77;L 2 2 61,0 1 3into® 1
1+= v (14 = 21z
+es——7— 1—\ (+p2)+06 1—)\(+p2)+07 11—\ p
1 1 , 1 1 , 1 S 1, 1 1 5,4 51
+ 20873277;150' K +2co— p2 %:%U E +2c10— p2 ’Vxnxo- ? + 201173/772/0' ? + 2612?7@77210 E +2c13— p2 ’anza' E
1 1 1 1
+ 2c1473750° + ZClsﬁvﬁﬁiUZ + 2016}”@77;10’2 + 217,07 + 2018?%3773”2 + 2019;’7377302
-97791: 2 Lg CoMNz 1 77y — 112 M L Canz 1. N
+ 5L+ —) - E[IV2ho (22, 5e)[I7] + - E[IV2g(z:, 2)[7]
22 p2 202 02 n. p® 8
CoMNx _ C1Mz 1z _
+ [3n2Cs — DB, 2] + |302Cs — I Em. o))
Yy UE
i 2 2 27,
coNz Mz 11m5Ly 13nzLp, 1744 1My 5, 1 nng 1 9
RLANT il - e Mm2L, 320, — =
+ " <2+p 5 +p 5 +p 5 - 2+ p+ 2 5 + 1 4 E[||7z )%
+ Tconscnsus-crl‘or—va.riable + Tconscnsus—crror—gradient + Tgrudicnl-cxlimaliun—crrur—global + Tgradicnl-cstinmlion—crror—local . (76)

The last four terms, Tcnnsensus—error—variable7 jjconsensus—error—gradient7 Tgmdient—estimation—error—global’ and T'gradiem—estimution—error-loca], are de-
fined as follows:

1 cone, Lh, e L2 >
TconsenSus—error—variable == 9773? (L?C + 272[/_(2]) + ol 27]y 2p + L QUZ% + 1201 - (1 - A)CQ 7E[||Xt - Xt”%‘]
P My P P P
2 L5 CoMz L%’p V112
977I(Lf + ?Lg) + 2771/ 2 (1 - )‘)63 *E[H}/t - Y%HF]
Yy
1 e L2 1 -
+ 97]:5?@3 n 1n 2772?29 +12C5; — (1 — )\)04] EE[HZt A 77)
2
My 2 2
Tconscnxus—crror—gradiem = [C3 - + 377 Cy — ( )‘)06‘| HlUy t U ]
1 _
+ 041 /\ + 377203 — (1= Ner EHle,t - Uz’t”%}
lea e 200 = (1= Ayes | E[|Un s — T2 78
2y 3101 - (1= Aes Uzt = Uz iell®] s (78)

My — CVan?

Tgradicnt—cstimation—crmr—global =

K K
E i k7 v (k) (k) 2
(ESSLTIEES oL FTIFEROTS
k=1 k:
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r K
1 1 k
+ |9 o ﬂxm II*Zm ,t_?zvlg(k) (@, )
9t e n? [EIL ST ®) Vyg® (@) o002
+ | 9na—5 — cr0—5 % | El Zmﬁ,g,t Z 19® @™ )P
- P Kk:l
comn 1 & 1
0Tz k k) (k
|5, —clnynﬂE[HKZm;},t - Eszf“%ci e
L Y k=1
E n 1 1 X
07 k
+ [ ﬂyny lngm Z 29® (@, )]
L P k=1 =1
K K
C1Mz 21, 1 1 (k) 1 B (k
+ ; —clsﬂzn,z]E[nsz Vo= 72 2 Vag (AP (79)
L = P P k=1 k:l
V2l HERS (k) ) (. (B) ()12
Teradient-estimation-error-local = | C5 -\ C14Yz My K Z:E My1e— Vif (xt i ]
9vy2nk 1 1 &
1177 2= Ellm® v, ¢® (x*) ,F)y)2
[T g — et g Bl - Vi el 1
921y 1 RS ( (k) (k)
z wi 2| & (k) k k
— - E -V
T2 5 oot | g DBl Vig 7
6,17y 1 K k
+ |eop =t — e | ﬂEmm@Sit*v 7O @™ ™))
67u77y 1 2| 1 - (k) ( (k
o eia— ~N"F — Vg Nk
+ _06 T—\ 2 018p2'7y77y I ; [l 29" ( ol
[ 32t 1 1 &
z zi_ ; . E (k) v/ (k) (k) (k) 80
+ _67 LA G907 Uz] % ; (lmzie — Vg™ (a TS (80)
where
9 o oL 6 o Lg 3 1
01:C5ﬁ(Lf+272)+C61 )\(Lf+ 2)+C71 )\F
9 9 1 1 1 1 5 1
+208Lf +2 Cg 2L +2610 2LgK +2611Lf +2612 2LgK +2613 2L
1
+ 2014L?¢ + 2615p72Lg + 2016?-[/9 + 2017Lf + 2618?119 + 2619@[/3 s
9 L S 5 1 1,1
Cg:C 1_ A(Lf+7)+661 )\(Lf+F)+268LfE+2CQELg?
1 1 1 1
-+ ZCllL?E + 2012 ELZ? -+ 2014L?¢ + 2615 pﬁLg + 2017.[/3: -+ 2018?1@2; 5
9 L 3 L2 1,1 1,1 1, 1,
Cs = C5ﬁ? + C71 — )\? + ZCloﬁLg? + 2013p72Lg? + 2616?Lg + QClgﬁLg . (81)

In the following, we select the coefficient {c; } 12, and the hyperparameters to eliminate all terms from the fifth line to the

last line in Eq. (76).
By setting
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= =Mne, cc=0=Nmy, =0,

9 9 9
g = ) Cg = 3 C10 = )
Yzl Vol Vol

4L+ L2) o, M4(PLE 4+ L2) o, _T2L2 g,

11 = B} y Cl2 = B} 59 C13= —— )
/J/ ’Y’I/ny IU/ ’Vy,r/y /'[/ 'anz

14 =9z, c5=9;, ci6=9, c17=91y, ci8=9n,, c19=97,
conz 1 an. 1 (82)

My S 107 M= S0’

the global gradient estimation error T dient-estimation-error-global ad the local gradient estimation error Tyadient-estimation-error-local
can be removed, as the coefficient of all items in Tgaduun-uumduon—ulor-global and T,;lddlcm—mumalmn-umr—local are non-positive.
Similarly, both E[||V2h,(Z¢, 5:)||*] and E[||V29(Z+, Z:)||?] can be removed.

As a result, we have

Py — P
3779@ _
<—* E[|VL(z:)|P] + P EIVL(Ze) = VL () |]
Iyinyo? 6v,17,0° 1 3v2nte? 1
z'lz 1 y'y 1 7 z'lz
+51_A(+ )+61_>\(+p2)+71_/\p
19 7+21 7+2 1 2l+2 242i+2 i242i+2[i 2.4 21
CS’YJ;UIU K Cgp2 ’Ymnzo K C10—5 pg ’anxa- K Cll’Yy??yU K C12 ,02 ’Yy,r/yo- K €13 ,02 V1.0 K
1 1 1 1
+2c1472n307 + 215 /72%377;‘02 +2c16 ;vﬁnﬁﬁ +2c177,1m,0° + 215 ;7577302 + 219 Evfnﬁaz
CoNx My _ 2 2 C1Mx 1z _ )
31y Ca — ——= L B[y ¢ |*] + |302C5 — —= "= | E[[[:.¢ ]
Y ny 4 ! - 4
CoNz 1 ﬂmLh 1 3772Lh 1 niL]}p
+ A += +=
U 2 p 2 P2 p 2
CiMz [ Nz 2 1 77320Lg 1 2
—+2nL,—+ —=— 3, C @
+ 9 (g oi2r, 4 D) 320 - 2| Bl )
+ Tconsensus—ermr-variable + Tconsensus—errm‘—gradient . (83)
Moreover, given the coefficients in Eq. (82), we have
9 o Lﬁ 6 o Lo 3 LZ
2l L2 L2l L7 L2l L2 !
+2Cg f +29p2 +2C10 2 gK+2CH f +2C12 2 gK+2013 2 9
1 1
+ 2614L3¢ + 2015 ?Lg + 2016?Lg + 2017Lf + 26187[/9 + 2019;[/3
L? L L2 18L% 1I8L2 11  18L2 1 1

=9, (L} +2-2) 4+ 6ny(L} + —2) +3n.— + —~ = =
p virs P p znxK YNz P 2K YNz P 2K

N 288(p* L3 + L2) n. L3 1 N 288(p* L5 + L) neLy 11 14403 n,L5 1 1
2 K 2 2 52 K 2 K
It Yyly It Yyl P p* vz p?

1 1 1
+ 180, L} + 3677ng,0—2 + 18, L} + 1877ngpr + 1877ng?

L2 , L2 L2
< 271, (L% 250+ 2T (LG + )+27nz
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1 238 288 1o, L2)+i28877x( QL?”JFL’Z])(L? L2)+ 1 28877_»,;L:£2
K Yang p? K yyng p? p? K v.ni p?p?
L2 L? L2
= 27771(L +2 g) + 27000771(Lf + ?) + 270017795—9
=213y L2)+ L 125 (p 2L?”LLE)(LML—?’H L 1288 L1, (84)
Ky T 1003 K vyne 12 T p27 710063 K vame p2 p?
and
Co = ) (L3 +L—2)+ 0 (L2+L2)+2L1+2 1L1+2 L1+2 1Ll
2—651_/\ f 02 C61 N\ F 0 C8 K 092gK C11 'K C122 9K
1 1
+ 2614L?¢ + 2815 pﬁL?] + 2617L?p + 2018?1;52]
9 L2 6 b 9 1 9 1 1
=(1-Nnp—— (L2 + -2 1—A L3+ —2)4+2 L2 — 277,;2 18 L2
144(0* L3 + L2) 4 1 144(p? L2 +L2) e
2 T L3 2 ! —L2 +18n,L% + 1877sz2 + 18n, L2
2 w2 1K 2 W2 p P> v
L2 Lz 288 1 L2 288(,02L2 +L2) g 1 L?
< 270, (L3 + =2) + 270, (L3 + =2) + L2+ =9y + / L (L3422
2 2 2 2712 2 2
My L L‘] 288060 1 2 L!J 288([) L.f+L9) 1 1 1 2 L!]
<27 Li+ +27n, (L} + + —(L3+ =)+ — L5+ =)
Toe 7F p? 2 WLy p? 2) Yally i L p? 2 10c yymy K77 p?
(35)
and
9 Lj 3 L 1,1 5 1 1 1
C3—C5 Epw 5 +C )\ — —|—2610 2 gK+2013 2L K—|—2816p2L +2619p2Lg
9 L2 3 L2 1
=(1-A Li— 1—X z——g —IL2—
( )n: N 2 +( n N T K
72L 7 1 1
9 T L2 — +18n, 1 189 —LQ
R e O e A
L; L 18 L2 1 144L2 L? 1
= 2T1g 2+27 2 729* 2g . 729*
P Yz p? K p* ez p? K
L2 L? L2 28812 L2
<or oy opy 2y 20a 1 P 1 1 21 (86)
10c; p? P2 vn. p2 K p? 10e; vem. p? K
To eliminate the consensus error term E[|| X; — X;||%], we enforce
1 cone . Ln eime. L2
Ong (L3 + 25 L2) + oy, Zte 4 Leop 20 1190, — (1- Mez
P y P P
2 2
2 L, Ly g
S 977w(Lf + 272Lg) + ZCOWITP + 201%7 - (1 - )‘)62
p p p
L2 L? L2
+12 27113,(L +2 g) + 2700017x(Lf + ?) +270¢c1m, — p2
1 288(L2+2L2)+ 11 288(2L§+L§)(L2+L2)Jr 1 i288Lij
K Vo P 1000% K Yy Nz /142 p 10060 K v.ne p? p
<0. (87)
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Then, we can set

-1 9, (L2 +2 L L?) 42 —LZ 2 ; 324n, (L7 2—L527 3240 L2 —3
C2 = 1-N Nz ( Ft+ ? )+ CoMx Pz =+ 617%,0 + N (Ly + p2)+ coma Ft+ [)2)
2 2 2712 2 2 2 172
1 3456 L; 113456 (p°L} + Ly) L; 1 13456 L7 L}
+ 324061m S+ L3 +2-2)+ (24 28y 4 — 200 (8R)
K%nm( I P> ) 1002 K%ﬂ?z 2 ( ! P2 ) 100¢? K ., p? p?

To eliminate the consensus error term E[||U, ; — U, +||%], we enforce

o EA + 3721 — (1 - Nes
nac 2 1 2 L}%p 3 2 LE] 2 5
< . N 9. (L7 + 2p—2Lg) + 26077%? + 201773;? + 324n, (L} + 2,0—2) + 3240con. (L5 + ?)
2 2 272 2 2 272
134 L 1 134 L3+ L L 1 13456 L; L
+ 32403 + SlygF S S N 3456 (¢ L g)(L§+ Zoyp L, D305
K vt p?’ " 100¢3 K vyia 7 p?’ 100¢] K v21e pi® p?
L2 L2 L2 1 9288 L2
2 2 g g
+ 35 |27 (L} +2— 2 )+ 27000771(Lf + ?) +270¢1m, — 2 I + K, (Lf + Qp—z)
11288 (p2L§+L§)(L2+L2)+ 1 izssLij 1y
100¢3 K yyna 12 f 100¢3 K ., p? p? Ml
<0. (89)
Here, we can solve the following four inequalities:
2 L2 2
Nz 2 1 g9
o, (L% + 2= L2) + 2con, 2e1my, =2
(1_>\)2ln(f+ = )+ 2con. —5 2 +c177p
L2 L2 L2 1—))2n,
+324n, (L% + 2/75) + 324001, (L2 + ,T) + 324001771/)3] < % ,
n? i3456( ) L2)+ 113456 (p 2L§+L§)(L2+£§)+ 113456 L5 LY | _ (1= ))*n,
(1=X)2 | K yane 7 1003 K yyne 12 027 710062 K vang 4 p? 4
L? L2 L2 1—)\)2
302 l??nm(L +2 g) + 2700077I(Lf + 7) +270c1m; — 1 < % ,
1 288 288 o LQ)+ 1 128 (p 2L§+L§)<L2 Lff,)+ L 1288 L5L5| _ (1-N’n ©0)
1K Yane p?) 100 K e p2 P p27 10063 K e 4 p? 4

‘We can obtain

(1=X)?pp
< f/ {72(p2L?c + Lg)L}QLP + 666#2(p2L§ 4+ Lg) 4+ 3240 x 36([)2[/% + LE)Q + 3249 x 36L§i| ,

(1= Npp 2(p2,2 2 272 2)2 4
méw/ (27029213 + L3) + 270 x 36(p2L3 + L2)? + 270 x 36L}

{12 x 6912(p* L3 + L7) 36 x 576(p* L7 + Lf])}
(1=N*Kp> 7 (1= A)Kp? ’
{ 12 8u? 1 242 }
(1= N)4300Kp2 " (1 —X\)225Kp?

214
{ = 4 8M22’ : 2 22’u2Lg 222}' D
(1= N)¥300Kp2 (1 - \)2 25K (p2L% + L2)%p
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Ve
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To eliminate the consensus error term E[||Y; — Y; %], we enforce
2
92)

L
O iy — 412G — (1= A)es < 0.
0

1
2 2
e (L + ?Lg)

2

Then, we can set
2 2
1 My o Ly My Ly, My Ly
= L4 L2+ 222 4 394 L2 + —2) 4 324n, (L% + =2
e 1—)\[1000(f+p2 g)+5p * 100(f+ )+ "y(f+p>
34560co 1 L2 3456(p°L3+L2) 1 1 1 p
O by o)+ IR L ) o
Yally K p I 10co yyny K p
To eliminate the consensus error term E[||U,, + — U, ;||%], we enforce
772
c3 A+?>17§CQ—(1—A)
"Iy 1 9y Loy My My L L
< L2+ S5+ 2 4—Y (L2 4+ =) + 324n, (L% + =2
_1—/\1—)\[100( it 9)+5p 10¢ (f+p)+3 "y(f+p)
212 2
3456()coi( ) Lj) 3456(p* L7 +L7) 1 1 i(L2+£3)
Yoty KT p? 2 10co yymy K77 p2
L2 2
77y
+ 3n; 7 (Lf+—)+27ny(Lf+—)
p? p?
2880c, 1 L2 288(p?L3+L2) 1 1 1 L2
L 7t =) G 4 o) =L+ =) — (1 =X
Yoty I p Iz 10co yyny K P
<0. %94)
Here, we can solve the following four inequalities:
2 2 2 2
My My o Ly My L 77y Ly (1—A)ny
—Y | V(2 + =L 324 L3+ =2) +324m, (L5 + —2)| < ——2
na 34560c0i(L +£§)+3456(p2L§+L§) R +L2) _ (1=,
A=N2| qamy K77 2 12 0coyymy K77 p27| =47
2 My 2 2 ( )1y
27—Y (L 27n, (L <YW
3%[71060( f+ —7) 4 27, ( f+ )| < 1 )
212 2
) 288000i(L2‘+L7§)+ 288(p Lf+Lg) 1 11 2‘+L7§) PRV 5)
U eny KT p? 2 Wco ymy K777 p27| = 4
We can obtain
Ty <m1n _)‘ p/ ”+9—+324( 2L2+L2 p/\/ +9( 2L2+L2)H
0" 10 40
s {34560 X 288( L%+ L)% 2880 x 36 x 24(p>L7 + Lg) }
t T (1= N)4u2Kp? ’ (1= A)2u2Kp? ’
(96)

s {384(p2L? + L) 96(p*L3 + L) }
Y=L 5(1 = N4Kp? 7 5(1— \)2Kp2 J -

To eliminate the consensus error term E[|| Z; — Z,||%], we enforce
L2
Al 2772,0—5 +12C5 — (1 - Ney

1
91796—L2 +
02
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9n. 1 n: L
~ 10¢y p? g 5 p2
n. L2 L2 34560c; L2 1 3456L% 1 1 L2 1
+ 324 — 4 324n.— + g < — — (1= Ny
10cq P P2 Va1 2 K Nz 10¢c1 v27. p2 K
<0. o7
Then, we can set
1 |9 1 L L Lg 34560c; L2 1 345612 1 1 L2 1 ©8)
C4 = —— — _ .
YT TN 100 p2 5 10 1 T T 2 K p? 10cy v.1. p? K

To eliminate the consensus error term E[||U, ; — U, ||%], we enforce

Cq4 +377ZC3— (1—/\)

1 )\
2 9. 1 L2 . L2 L2 34560, L7 1 3456L7 1 1 L} 1
Sniz UER +77+3477 J+3 1, =L ‘1 g Zo L
(1=X)2[10c1 p2 9 5 p 10¢, P> Yoz 2 K u2 10cy v.m. p?2 K
2 L2 2880c; L2 1 288L2 1 1 L21
+ 302 +27nz—g+ ! 2 9 C (1M,
10 p Yoz P> K p? 10c1 van. p* K
<0. 99)
Here, we can solve the following four inequalities:
2 2 2 2
n 9. 1 . L n. Ly Lyl _ (=N)°n.
= L2+ ==L 432422 4 324y, <= 2
(1—=X)2 [1001 p2 Y o 5 p? >+ 10¢1 p 2+ 2| T 4
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T EVA NI K (A - AP KR S
38412 9612
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‘We can obtain

Therefore, by setting

e _lo(12 4oL 12 2) 42 Li o0 Lo 9 1 324(L% +2Lf’)+3240 (L2 + L2)+3240 Ly
cy = — co— c1— Co — C1—
L= |72 p? p° p? I p?
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(1 =N | KT 77 p2 100¢3 v, K u? f 100¢? v, K p? p?
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2 2
My 9 o 1o 1L 324 ., Ly Ly
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To eliminate E[||m,, +||?], we solve the following inequality:
3,’7202 _ CoMx 7771/
77@/ 4
=3n2Cy — %
Ty 40
2 2 2
My Ly Ly 2880co 1, , Ly
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Specifically, we enforce
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2 2 LZ My
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I 10cy yyny K p 160
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We can obtain
p

My < min{ﬁ , } ,
‘ Ok 36, /10(p2L3% + L2)

_ 2880 x 36 x 480(p° L} + 1)°

Yz Z )
K p2p?
272 2
. 1920(p Lf2+ L3 106
5Kp
To eliminate E[||772. ¢||%], we solve the following inequality:
320, - e T
n. 4
Nz
=320, — &
T 0
L2 L? L? 28812 L?
< 32|27 Z9 4 oy, =9 2880c, g 1 288Ly 1 1 Sy 1) me
10¢; p? p? Va1, p? K w? 10cy v.m. p? K 40
<0. (107)

Specifically, we enforce

L2
37}5 X 27i—g < L ,
10¢y p2 — 160

L2 g
3% x 2, -4 < =
us "2 = 160
32 2880c; Lj 1 _
F Yen. p? K T 1607
28802 1 1 L%1 B
PRt Zo < (108)
/'62 10¢1 v2m2 pQ K 160

‘We can obtain

772 S mln{i 7#} ’
6p * 36V10L,
2880 x 36 x 480L;
’YZL’ Z 2.2 bl
wept K
1920L3
Yz = .
502K

(109)

To eliminate E[||77, ;||], we solve the following inequality:

cone (ne  1m2L 13n2L 173 L; e [N 1 2L 1 e
o' <77+77 ho 4 = Dahy | 270 ) G (772+2n2Lgp+’m29p>+377501’

My 2 p 2 p 2 p 2 » £ 4
2
1 (n, 1m2Ln, 13n2L,, 1ML 1 (1, o 1 n2Ls1 ) N2
R _ P _ P _ P _ [ = m*L. = Jdr—9 — 3n<Cy — =
10<2+p 2 T, 2 T, 2 JTil\g TR, Ty ) ety
1 (. 192L 13n2L 1ML 1 1 n2Ly1
SE %_"_77] 2hp+7 n2hp+7 hp +<77;C+277§Lg+77£ g)_?’]m
P p p 2 10 \ 2 p 2 p 4
L2 L2 2
+ 302 | 270, (LG + 2p—§) + 270con, (L} + p—;’) + 270c1nw?g
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1 288( ) §)+ 1 1288(2L§+L§,)(L2+L2)Jr 1 1288L§L§
Kyene 47702 D100 K vy 42 ! 100¢3 K 7215 p2 p?
<0.
Specifically, we enforce
2 27
i i L1 1 T]mLh n 137795th " lnthP < Ne 7
10 p 2 p 2 p 2 16
n2L;
i nm + 2 “’Lgl < ni ,
10 ,0 2 p 16
) L2 L2 L2 e
3n; 2777z(L +2-3)+ 2700077m(Lf + 7) +270¢11, —2 2 < =
p? p? p 16’
1 288 L? 1 1 288 (p°L% + L2 L2 1 1 288 L2 L2 .
K Yala p? " 100cg K vyns I p?’ " 100c3 K v.mp pi2 p? | = 16
We can obtain
Ny < min{ P ; P } ;
A(4Ln, + Ly, ) " 4(4Lg + Lg)
. 288 x 144(p* L3 + L2)
’Y;c — sz bl
8u?
V2 sr g
Y= 25K p?
274
8u-Ly,

Yz = )
25(p2L§ + L2)2p2K

In summary, by setting

(110)

(112)

, 1—-))?2
72 < min {(2)”“/\/[72(;)%} + L2)L3, + 6662(p2L3 + L2) + 3240 x 36(p2L3 + L2)? + 3242 x 36L3} ,

1—
( ”“/\/ 272 (p2L% + L2) + 270 x 36(p?L% + L2)? + 270 36L4]

p P 1 Wt 1}

4(4Ln, + L) "4(ALy + Ly) 2L ALy T ALz Ay

nySmin{(l_;)zp/\/['Z;-i- 910 (0213 + L3)] p/\/ |55 +owLE+ L)
p P p 1 }

01" 36, /10(p2L% + L2) 2Lne VT

(=N s [f1621 37u
<
”Z—mm{ 2L, / [ 5 +40L2 / 360L2 6u 36\F Ly 2L f

, {12 x 6912(p? L3 + L2) 36 x 576(p?L3 + L2) 34560 x 288(p?L% + L2)?
Yz = Min

(1= A)*Kp? oo */\)QKP ’ (1=X)* QKp ’
2880 x 36 x 24(p°L% + L7)* 34560 x 288L; 2880 x 36 x 24L;
(1= A)2pKp? T =NPKp? T (1= A)PpPKp?
2880 x 36 x 480L% 2880 x 36 x 480(p> L7 + L2)* 288 x 144(p°L} + L?)
u2p?K ? K u2p? ? K p? ’
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- 12 812 1 2% 384(p°L3 +L7) 96(pL7 +L7) 1920(p°L5 + L) 8u>
Ty = (1 —=X)*300Kp2 " (1 —XN)225Kp2° 5(1 —N*Kp? ~ 5(1 —N)2Kp? '’ 5K p? " 25K p?
(117)
i 12 8 1 2p* Ly 384L2 96L2
T2 =Y TN 300K0% " (1 N2 25K (0212 + L2)20% ' 5(1 — A)*Kp? " 5(1 - \)2Kp?
1920L2 8u*L
9 (118)
5p2K 7 25(p?L3 + L2)2p*K
we have
Pt+1 - Pt
Nz _ 3771 _
S*?E[HVL(zt)”ﬂ E[|[VL(Z:) = VL, (7))
972774 2 92 6’)’2774 2 1 3,)/27740_2 1
L= N —= (14 S)+(1— A -” —) 4+ (1= Ny, ===
+( ) 1_/\(+p2)+( )1y (1+ 2) ( ) =) 2
9 1 9 1 1 9 1 1
+2 2nao?— +2 2o — +2 —Vensot—
R T TR ¢
2144(p2L§+L2) N 2,1, 1 +2144(02L?C+L3) Nz 1 2n402i
,LL2 ,7 772 vy K N2 7yn§ p2 yly K
+272L3 N 1 2421

1

B A0 = T 18070 +18nzp27ww0 +18nmp27§ni o
1

+ 180, v n,0” + 181, ﬂynya +18nzp27§n3 2

< [V L)) + 3773” E[|VL(E:) — VL, ()]

2 1 1
+ 197200 2(1 + ﬁ) + nyGVZn;* 1+ ?) + 03720 =

K + 18p2 Vally0?

K

4P L3+ L) 1, 2 1
2

p PR

3 2
+ 18v,m,0 E + 18p2 %me

ML 413, 1
MQ yny K
7202 1

1
=+ 277z7g ?%7730 ?

+ 21, + 21,

1
+ 18navans0” + 18nmp2%m0 + 18771[)273773 ?

1
+1877y7y77y0 + 18773; QFYynyO— +1877zp27§77;1 ? :

(119)
By summing over ¢ from 0 to 7" — 1, we have
Z (VL)
t=0
2 1= _ N
< (R Pr)+35 S E[IVL@) - VL ()]
T T t=0
2 1
+18(1 + pz)’yfnffJQ +12(1 + = )Zy 7577302 + 6——73773 2
2 1 576(p?L% + L?) 1 1 288L2 1
1 . 2,2 2 f 97 (1 2,20 . 2,2
+36(1+2)242 36(1 177y242+36i&242 120
)10 + 36( +p )n VyyC o VO (120)
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When ¢t = 0, the initial batch size is .S, then we have

1 _
EE[”UJ/’,O - UI,OH%]

K
1 1 1
= 7 2BV 0 67) + Vg™ @t o5 6) = S vig Wl 4 6)
k_

1 K

k). ok 1 k) (k). (k 1 k) (k). ~(k
- = <V1f(’“)( L6 + 2 Va9 @l w6 = Vg a4 G )>) I

k=1
K

Z IV1f P (20, yo)[1?] +18**ZEHV19 (x0,90)[I]

k:

g1 1 K 2 o2
— Vlg (z0, 20 |2 +18(1+ =)—,
1557 DBl Ik 25

\ /\

(121)
and

K
1 _ 1
E[|Uy.0 — Uyoll7] < 18— ZE[||V2f(k)($o,yo)|| ]+ 18**233 V29 (20, 40) [1%]
k=1 k=1
)

P80+ )% (122)

)

w9,

and

N
S

1 1
—E[|U.0 — Uz o0ll7] < *2?2 |V2g (20, 20) || ]+18p72§ . (123)

k=1
Then, we have

Py < ElL(w0)] + %OEE[WO,%) — hyla0)]+ 15 Blaao. 20) = i)

+ 180, = ZEHVlf()(xo o) 2] + 180, 2KZEIIV19 (20, 30) 12
k 1

1
7:

1
+ 181, E[||V19™ (0, 20) 1] + 18my —= ZE[Hsz(k)(xoayo)”z}
k=1

N\H

1
02
9 o2

e 5
2

+ 27%%(

+ 187,

Mﬁm»

K
11
E[[|Vag™ (z0,90)[1%] + 181. — ZEHleg(k}(xo’ZO)HQ]

x| =
bl
Il
I

144(0° L% + L) 1,
I Yyl p

| 2o

—
+

+

EAICIRS
[\v]
Q

(124)

As a result, we can obtain

1 T-1
= S ElIVL@)|?
t=0

_2£(w) | 2 11 . 2 11

ST + anE;E[h o(0,Y0) — hp(zo)] D T105 lg(z0, 20) — §(x0)]
1 T—1 36 1 K
+35 2 EIVEG) = VL@ + 7 5 2 ElVA O o,
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K
36 11 36 1
+T 2K ZE 1V19% (0, y0) %] ?TEZ V19 (20, 20) 1]
K K
36n 1
+ 1‘1’? E[[| V2™ (0, yo)[I%] + iﬁgz V29" (20, yo) |I°]
k=1
K
367]Z 11
7?2 [1V29" (20, 20) 1]
18 o2 2 288(p°L7 + L) 1 1.0% 14412 1 1
U(1+—2)+ / (1+—)°'—+—2 20
Yen2T S Iz Yy S p? v.miT p* S
54 o2 2 54n, o 1 54n, 1 o2
=2 1+ = Y il
Al S D TS( A TS
2 2
FI8(1+ 2 )n2to® + 1201+ =) B2yt 6L 2,2
p I P? M
2., 51 576(p’LY + L) 1, 5,1 288L21 , ,1
+36(1 + pz)%«m I +T(l pe =)W 3 e R <
2. 94 9 Liny o4 o2 11 54 o
+36(1 + —)vameo” +36(1+ —)—y,m,0" + 36— —;m,0" . (125)
P P2 N P% N
Then, due to
36(p*L2 + L?) 3612
co = M]; =0(k?), MQg O(K?),

L L (126)

we can know that 1, = O(k?)n, and 1, = O(x?)n,. Then, we can denote the convergence upper bound as follows:

T-1

1 _
= S EIIVEE))

11

) Elg(z0, 20) — §(x0)]

0
T—1
<0 (E(jo)) 51 E[|VL(Z:) — VL, ()|
(0] )

.
) Bt ) ~ gl +0

K K
1 11 1
L) = S B9 0.0 + O (Tpg) - ZE[IIWQ(’“) (@0.0)

k=
o2 10 1 k202 10 1 n202

YT p? S 2T p® S v=m2T p* S
0 n, o 1

e ST p?
2,4 2
ValleO L7 ue

L > +0 <2y7§n;‘ 2) +0 (73713 2)

P2 Ma p?
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2 2 2 2
Va0 1 K 1
+O( P2 K>+O<ﬁ%%gK)+O(ﬁ%%0K>

go(‘ ) TTzl Bl VL) — VL, (@)

t=

+3
4+ 0 (an;) E[hp(!ﬁo, yO) - ilp(xo)] 4+ 0 ( E[g(xo’ ZO) g(xo)]

n
1\ 1 & (k) 2 (k) 2
T EZE[HVUC (0, 0)|I”] + O E[[V1g" (z0, y0)II"]

N =
|
N—— ~—
=| =
vk

LY S B9 ® a0, )]+ 0 (52 ) = S E90£% (a0, o))
Tp2 K 1 0y <0 T K 2 05 Y0
K21\ 1 & K21\ 1 &

) & S ElTas o lP)+ 0 (23 ) e DS EINVag® . o)l

1 o2 1 1o 1 1 o2
+O(%%Tf5>+o<wﬁ%Tf5>+O<%#%Tf5>

oo
ST p?
2,42 1 10
VTl O K 2.4 2 2.4 2
e >+O<ﬁ%m )+O<ﬁ%%g>

02
2 2
Valzo” 1
+ 0 ( 7 F) +0

K5 1 K5 1
<,02 'Yy77;2c(72K) +0 <p2'yz7]ia2K) . (127)

From Eq. (113), we can set

K2 1 1
=0 (=) ”y:()(u—»w)’ w=o(am) o

To achieve the e-accuracy solution: + Zz:ol E[||VL(Z,)|%] < €2, we need to set

p= O(ﬁ) (129)

such that E[|VL(Z;) — VL,(Z:)[*] < O(€?) in terms of Lemma A.16. In addition, by initializing yo and zo such that
E[h,(z0,y0) — hp(x0)] < O(e/K3) and E[g(wo, 20) — §(w0)] < O(e/k>). Note that both h,(x,y) and g(z,y) are u-PL
in y and their smoothness constants are not dominated by p. Therefore, we can use a stochastic gradient descent algorithm

to complete the initialization. The complexity for initialization is of the order O(“-~ L log =~ ) (Garrigos & Gower, 2023),
which does not dominate the following iteration complexity 7.

Moreover, we set

%:O(Kﬂ—ﬂ%v7 %:O<KU—M%v7 m:O(Kﬂjﬁ%v7

w7

K
I‘i7 Kg
Then, we have
1 T-1
7 2 ElIVL@)[*] < O() . (131)
t=0

43



Convergence Analysis of Decentralized Hessian-/Jacobian-Free Algorithm for Nonconvex Stochastic Bi-Level Optimization

A.9. Foundations of Problem Reformulation

Lemma A.14. (Chen et al., 2024) Suppose Assumptions 4.1-4.5 hold, denoting Y, () = arg min, cga, h,(z,y), we have
that

dist(Y (21), Y, (22)) < Cyz [lzr — o, (132)

for any 1 € R% and x5 € R%, where Cy; = % = O(k).

Lemma A.15. (Chen et al., 2024; Shen & Chen, 2023) Suppose Assumptions 4.1-4.5 hold, we have that
* ]' * *
VL,(2) = Vif(z,y,(z)) + ;(Vlg(%yp(ff)) — Vig(z,y*(2))) (133)

where y7(z) € Y (x) and y*(z) € Y™ ().

Lemma A.16. (Chen et al., 2024; Kwon et al., 2024a) Suppose Assumptions 4.1-4.5 hold, NV L(x) exists and can be
obtained by lim,,_,o4 VL,(x). Moreover, for any 0 < pmin{l,/ls, p}, where p is a given constant, we have that

1L,(2) — L(z)| < O(ptk) ,
IVLy(x) = VL()|| < O(ptr?) . (134)
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