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Introduction

Introduction

Discrete random variables can only take a countable number of
possible values.

Continuous random variables have a range in the form of

Interval on the real number line.
Union of non-overlapping intervals on real line.

We also know that for any k ∈ R,P(X = k) = 0.

CDF works but PMF does not since P(X = k) = 0.
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Introduction Probability Distribution Function

Probability density functions

Random variables arise by a (never-ending) process of refinement
from discrete random variables

A discrete random variable associated with some experiment takes
on the value 6.283 with probability p. If we refine, in the sense
that we also get to know the fourth decimal, then the probability
p is spread over the outcomes 6.2830, 6.2831, · · · , 6.2839.

Continuing the refinement process, the probabilities of the possible
values approaches zero

The probability that the possible values lie in some fixed interval [a, b]
will settle down.
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Introduction Probability Distribution Function

Probability density functions

Definition

A random variable X is continuous if for some function f : R → R and for
any numbers a and b with a ≤ b

P(a ≤ X ≤ b) =

∫ b

a
f (x)dx

The function f has to satisfy f (x) ≥ 0 for all x and
∫∞
−∞ f (x)dx = 1. We

call f the probability density function (or probability density) of X .
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Introduction Probability Distribution Function

Probability density functions

The probability that X lies in an interval [a, b] is equal to the area
under the probability density function f of X over the interval [a, b]58 5 Continuous random variables

a b
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Fig. 5.1. Area under a probability density function f on the interval [a, b].

Note that the probability that X lies in an interval [a, b] is equal to the area
under the probability density function f of X over the interval [a, b]; this
is illustrated in Figure 5.1. So if the interval gets smaller and smaller, the
probability will go to zero: for any positive ε

P(a − ε ≤ X ≤ a + ε) =

∫ a+ε

a−ε

f(x) dx,

and sending ε to 0, it follows that for any a

P(X = a) = 0.

This implies that for continuous random variables you may be careless about
the precise form of the intervals:

P(a ≤ X ≤ b) = P(a < X ≤ b) = P(a < X < b) = P(a ≤ X < b) .

What does f(a) represent? Note (see also Figure 5.2) that

P(a − ε ≤ X ≤ a + ε) =

∫ a+ε

a−ε

f(x) dx ≈ 2εf(a) (5.1)

for small positive ε. Hence f(a) can be interpreted as a (relative) measure of
how likely it is that X will be near a. However, do not think of f(a) as a
probability: f(a) can be arbitrarily large. An example of such an f is given in
the following exercise.

Quick exercise 5.1 Let the function f be defined by f(x) = 0 if x ≤ 0
or x ≥ 1, and f(x) = 1/(2

√
x) for 0 < x < 1. You can check quickly that

f satisfies the two properties of a probability density function. Let X be
a random variable with f as its probability density function. Compute the
probability that X lies between 10−4 and 10−2.
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Introduction Probability Distribution Function

Probability density functions

If the interval gets smaller and smaller, the probability will go to zero:
for any positive ε

P(a− ε ≤ X ≤ a+ ε) =

∫ a+ε

a−ε
f (x)dx

sending ε to 0, P(x = a) = 0

P(a ≤ X ≤ b) = P(a < X ≤ b) = P(a < X < b) = P(a ≤ X < b).

6 / 22
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Introduction Probability Distribution Function

Probability density functions
5.1 Probability density functions 59
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f(a)
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|
↓

f ↘

Fig. 5.2. Approximating the probability that X lies ε-close to a.

You should realize that discrete random variables do not have a probability
density function f and continuous random variables do not have a probability
mass function p, but that both have a distribution function F (a) = P(X ≤ a).
Using the fact that for a < b the event {X ≤ b} is a disjoint union of the
events {X ≤ a} and {a < X ≤ b}, we can express the probability that X lies
in an interval (a, b] directly in terms of F for both cases:

P(a < X ≤ b) = P(X ≤ b) − P(X ≤ a) = F (b) − F (a).

There is a simple relation between the distribution function F and the prob-
ability density function f of a continuous random variable. It follows from
integral calculus that

F (b) =

∫ b

−∞
f(x) dx and1 f(x) =

d

dx
F (x).

Both the probability density function and the distribution function of a con-
tinuous random variable X contain all the probabilistic information about X ;
the probability distribution of X is described by either of them.

We illustrate all this with an example. Suppose we want to make a probability
model for an experiment that can be described as “an object hits a disc of
radius r in a completely arbitrary way” (of course, this is not you playing
darts—nevertheless we will refer to this example as the darts example). We
are interested in the distance X between the hitting point and the center of
the disc. Since distances cannot be negative, we have F (b) = P(X ≤ b) = 0
when b < 0. Since the object hits the disc, we have F (b) = 1 when b > r. That
the dart hits the disk in a completely arbitrary way we interpret as that the
probability of hitting any region is proportional to the area of that region. In
particular, because the disc has area πr2 and the disc with radius b has area
πb2, we should put

1 This holds for all x where f is continuous.

What does f (a) represent?

P(a− ε ≤ X ≤ a+ ε) ≈ 2εf (a)

f (a) : a (relative) measure of how likely it is that X will be near a.
(can be arbitrarily large)

7 / 22
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Introduction Probability Distribution Function

Discrete VS. Continuous

discrete random variables: no probability density function f

continuous random variables: no probability mass function p

both have a distribution function F (a) = P(X ≤ a).

P(a < X ≤ b) = P(X ≤ b)− P(X ≤ a) = F (b)− F (a).

for a continuous variable X

F (b) =

∫ b

−∞
f (x)dx f (x) =

d

dx
F (x).
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Introduction Probability Distribution Function

Probability Density Function(PDF)

We define the PDF of random variable X as

Definition: Consider a continuous random variable X with CDF
F (x). The function f (x) is the probability density function
(PDF) of X , defined by

f (x) =
dF (x)

dx
= F ′(x),

if F (x) is differentiable at x .

9 / 22



Introduction Probability Distribution Function

The darts example

Model an experiment: “an object hits a disc of radius r in a
completely arbitrary way”

we are interested in the distance X between the hitting point and the
center of the disc.

Find out F , f

F (b) = P(X ≤ b) = πb2

πr2 = b2

r2 for 0 ≤ b ≤ r .

f (x) = d
dx F (x) =

1
r2

d
dx x

2 = 2x
r2 for 0 ≤ b ≤ r .

10 / 22
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Introduction Probability Distribution Function

Properties of PDF

Consider a continuous random variable X with PDF f (x). We have

1 f (x) ≥ 0 for all x ∈ R.
2

∫∞
−∞ f (u)du = 1.

3 P(a < X ≤ b) = F (b)− F (a) =
∫ b
a f (u)du.

4 More generally, for a set A, P(X ∈ A) =
∫
A f (u)du.

11 / 22



Introduction Probability Distribution Function

Range

Range of a random variable X is the set of all possible values of the
random variable.

For a continuous random variable, we can define it as the set of all
real numbers with non-zero PDF.

RX = {x |f (x) > 0}
RX defined here might not show all possible values of X but the
difference is unimportant.

12 / 22



Introduction The uniform distribution

Continuous Random Variables and their Distributions: the
uniform distribution

Example: Choose a real number uniformly at random in the interval
[a, b] and call it X .

By uniformly at random, we mean all intervals in [a, b] that have the
same length have the same probability.

Find the CDF of X .

13 / 22



Introduction The uniform distribution

Continuous Random Variables and their Distributions: the
uniform distribution

Uniformity implies that probability of an interval in [a, b] is
proportional to its length.

P(X ∈ [x1, x2]) ∝ (x2 − x1)

Since P(X ∈ [a, b]) = 1, we have

P(X ∈ [x1, x2]) =
x2 − x1
b − a

, where a ≤ x1 ≤ x2 ≤ b.

From the definition of CDF, F (x) = P(X ≤ x) we get

F (x) =





0 for x < a
x−a
b−a for a ≤ x ≤ b

1 for x > b

14 / 22



Introduction The uniform distribution

Continuous Random Variables and their Distributions: the
uniform distribution

CDF for a continuous random variable uniformly distributed over
[a, b].

x

F (x)

1

a b

Figure: CDF for a continuous random variable uniformly distributed over [a, b].
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Introduction The uniform distribution

The uniform distribution

The PDF of a random variable with Uniform(a, b) distribution is
given by

f (x) =

{
1

b−a a < x < b

0 x < a or x > b

x

fX (x)

1
b−a

a b

Figure: PDF for a continuous random variable uniformly distributed over [a, b].
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Introduction The uniform distribution

Continuous Random Variables and their Distributions:
Recap

We have the definition of a continuous random variable

Definition:A random variable X with CDF F (x) is said to be
continuous if F (x) is a continuous function for all x ∈ R.

The CDF is a continuous function with no jumps.

No jumps is consistent with the fact that P(X = x) = 0 for all x .

CDF of a continuous random variable is differentiable almost
everywhere in R.

17 / 22



Introduction Expected Value and Variance

Expected Value and Variance

Remember the definition of expected value for a discrete random
variable

E [X ] =
∑

k∈RX

kp(k) =
∑

k∈RX

kP(X = k).

We can write the definition of expected value of a continuous random
variable as

E [X ] =

∫ ∞

−∞
xf (x)dx

18 / 22
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Introduction Expected Value and Variance

Expectation: the center of gravity

E [X ] is indeed the center of gravity of the mass distribution described
by the function f

E [X ] =

∫ ∞

−∞
xf (x)dx =

∫∞
−∞ xf (x)dx∫∞
−∞ f (x)dx

92 7 Expectation and variance
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Fig. 7.2. Expected value as center of gravity, continuous case.

Quick exercise 7.2 Compute the expectation of a random variable U that
is uniformly distributed over [2, 5].

Remark 7.1 (The expected value may not exist!). In the definitions
in this section we have been rather careless about the convergence of sums
and integrals. Let us take a closer look at the integral I =

∫ ∞
−∞ xf(x) dx.

Since a probability density function cannot take negative values, we have
I = I− + I+ with I− =

∫ 0

−∞ xf(x) dx a negative and I+ =
∫ ∞
0

xf(x) dx a

positive number. However, it may happen that I− equals −∞ or I+ equals
+∞. If both I− = −∞ and I+ = +∞, then we say that the expected
value does not exist. An example of a continuous random variable for which
the expected value does not exist is the random variable with the Cauchy
distribution (see also page 161), having probability density function

f(x) =
1

π(1 + x2)
for − ∞ < x < ∞.

For this random variable

I+ =

∫ ∞

0

x · 1

π(1 + x2)
dx =

[
1

2π
ln(1 + x2)

]∞

0

= +∞,

I− =

∫ 0

−∞
x · 1

π(1 + x2)
dx =

[
1

2π
ln(1 + x2)

]0

−∞
= −∞.

If I− is finite but I+ = +∞, then we say that the expected value is infinite.
A distribution that has an infinite expectation is the Pareto distribution
with parameter α = 1 (see Exercise 7.11). The remarks we made on the
integral in the definition of E[X] for continuous X apply similarly to the
sum in the definition of E[X] for discrete random variables X.
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Expectation: the center of gravity

E [X ] is indeed the center of gravity of the mass distribution described
by the function f

E [X ] =

∫ ∞

−∞
xf (x)dx =

∫∞
−∞ xf (x)dx∫∞
−∞ f (x)dx92 7 Expectation and variance
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Fig. 7.2. Expected value as center of gravity, continuous case.

Quick exercise 7.2 Compute the expectation of a random variable U that
is uniformly distributed over [2, 5].

Remark 7.1 (The expected value may not exist!). In the definitions
in this section we have been rather careless about the convergence of sums
and integrals. Let us take a closer look at the integral I =

∫ ∞
−∞ xf(x) dx.

Since a probability density function cannot take negative values, we have
I = I− + I+ with I− =

∫ 0

−∞ xf(x) dx a negative and I+ =
∫ ∞
0

xf(x) dx a

positive number. However, it may happen that I− equals −∞ or I+ equals
+∞. If both I− = −∞ and I+ = +∞, then we say that the expected
value does not exist. An example of a continuous random variable for which
the expected value does not exist is the random variable with the Cauchy
distribution (see also page 161), having probability density function

f(x) =
1

π(1 + x2)
for − ∞ < x < ∞.

For this random variable

I+ =

∫ ∞

0

x · 1

π(1 + x2)
dx =

[
1

2π
ln(1 + x2)

]∞

0

= +∞,

I− =

∫ 0

−∞
x · 1

π(1 + x2)
dx =

[
1

2π
ln(1 + x2)

]0

−∞
= −∞.

If I− is finite but I+ = +∞, then we say that the expected value is infinite.
A distribution that has an infinite expectation is the Pareto distribution
with parameter α = 1 (see Exercise 7.11). The remarks we made on the
integral in the definition of E[X] for continuous X apply similarly to the
sum in the definition of E[X] for discrete random variables X.
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Introduction Expected Value of a Function of a Continuous Random Variable

Expected Value of a Function of a Continuous Random
Variable

Law of the unconscious statistician (LOTUS) for continuous random
variables:

E [g(X )] =
∫∞
−∞ g(x)f (x)dx

Expectation is a linear operation.

E [aX + b] = aE [X ] + b for all a, b ∈ R, Prove
E [X1 + X2 + ....+ Xn] = EX1 + EX2 + ...+ EXn for any set of random
variables X1,X2, ..,Xn.
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Introduction Expected Value of a Function of a Continuous Random Variable

Variance

Variance of a random variable is defined as

Var(X ) = E [(X − µX )
2] = EX 2 − (EX )2

For a continuous random variable we can write

Var(X ) = E
[
(X − µX )

2
]
=

∫ ∞

−∞
(x − µX )

2f (x)dx

= EX 2 − (EX )2 =

∫ ∞

−∞
x2f (x)dx − µX

2

For a, b ∈ R, we have

Var(aX + b) = a2Var(X )
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Introduction Expected Value of a Function of a Continuous Random Variable

Discrete vs Continuous Random Variables

Discrete Continuous

PMF PDF

p(x) = P(X = x) f (x) = dF (x)
dx∑ ∫

E [X ] =
∑

k∈RX
kp(k) E [X ] =

∫∞
−∞ xf (x)dx

LOTUS LOTUS

E [g(x)] =
∑

k∈RX

g(k)p(k) E [g(X )] =
∫∞
−∞ g(x)f (x)dx
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